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ABSTRACT 
T u r b u l e n t  s w i r l i n g  f l o w s  i n  d u c t s  were i n v e s t i g a t e d  a n a l y t i c a l l y  u s i n g  
mixing  length  theor ies .  The  govern ing  equat ions  for  the  mean f low were de- 
r i v e d  u s i n g  G. I. Tay lo r ' s  mod i f i ed  vo r t i c i ty  t r anspor t  t heo ry  and  the  con-  
c e p t  o f  i s o t r o p y  o f  t h e  t r a n s p o r t  c o e f f i c i e n t s .  The s i m i l a r i t y  t h e o r y  o f  
von Karman was e x t e n d e d  t o  s w i r l i n g  f l o w s  i n  a cy l ind r i ca l  geomet ry  cons id -  
e r i n g  a t h r e e - d i m e n s i o n a l  f l u c t u a t i n g  v e l o c i t y  f i e l d .  The r e s u l t i n g  s i m i -  
l a r i t y  c o n d i t i o n s  were used  to  fo rmula t e  the  expres s ion  fo r  eddy d i f f u s i v i t y  
i n  t h e  e n t i r e  f l o w  f i e l d  e x c e p t  a small r eg ion  nea r  t he  p ipe  wall where a 
mix ing  l eng th  expres s ion  ana logous  to  tha t  assumed  by P r a n d t l  f o r  p a r a l l e l  
f l o w  i n  c h a n n e l s  was used.  The tangent ia l  equat ion of  motion was then  
so lved  numer ica l ly  to  s tudy  the  decay  of  angular  momentum i n  a swi r l ing  f low 
f i e l d  i n s i d e  a s t a t i o n a r y  p i p e .  I t  shou ld  be  po in ted  ou t  t ha t  fo r  pu re  ro -  
t a t i o n a l  as wel l  as i r r o t a t i o n a l  f l o w ,  some of t h e  s i m i l a r i t y  c o n d i t i o n s  
become inde te rmina te  sugges t ing  tha t  t he  sa id  fo rmula t ion  may n o t  b e  v a l i d  
f o r  t h e s e  s i t u a t i o n s .  
T h e  t h e o r e t i c a l  r e s u l t s  were compared w i t h  two sets of  exper imenta l  
measurements. I n  t h e  f i r s t  ( t a k e n  a t  I I T R I  i n  1967) t h e  f l u i d  was a i r  and 
t h e  swirl was generated by means o f  r a d i a l  b l a d e s .  Axial Reynold 's  Numbers 
ranged from 58,900 to 279,000 and the swirl r a t i o  f rom 4.7 to  11.8 w i t h  d a t a  
taken as f a r  as 136 r a d i i  downstream.  The  second set of  measurements  (taken 
by Musolf i n  1963) d e a l t  w i t h  water where t h e  swirl was genera ted  by  tape  
in se r t s  i n s ide  the  p ipe .  Measuremen t s  were taken as f a r  as 100 r a d i i  
downstream 3t  an axial Reynold's Number of 48,000 and a swirl r a t i o  of 
approximately 0.50. 
For both cases the agreement between experimental and predicted values 
was, in  general,  good. A s  might  have  been expected, some discrepancies  oc- 
curred when the flow f i e l d  was predominantly irrotat ional  or  in  so l id  body 
rotat ion.  
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" 
ANALYTICAL " - INVESTIGATION . . .  . OF INCCMPRESSIBLE TURBULENT SWIRLING  FLOW IN PIPES 
I .  
Turbulent  f lows  are encountered in  a lmost  every appl icat ion where 
f lu id  mot ion  i s  involved.   Hinze ' l )   def ined it as "an  i r r egu la r  cond i t ion  
o f  f l o w  i n  w h i c h  v a r i o u s  q u a n t i t i e s  r e l a t e d  t o  i t  show a random v a r i a t i o n  
wi th  time and space coordinates  so t h a t  s t a t i s t i c a l l y  d i s t i n c t  a v e r a g e  
v a l u e s  c a n  b e  d i s c e r n e d . "  A c c o r d i n g  t o  t h i s  d e f i n i t i o n ,  t h e  i r r e g u l a r  
behavior of the motion can be described by the l a w  o f  p robab i l i t y ,  t hus  
making it access ib l e  to  ma themat i ca l  t r ea tmen t .  
B 
While  both Euler ian and Lagrangian mean va lues  can  be  cons idered ,  
the former is more commonly employed. (2) The Euler ian  average  va lues  
can be taken a t  a c e r t a i n  p o i n t  o v e r  a long  in t e rva l  o f  t i m e  ( temporal  
mean va lues ) ,  or over a l a rge  r eg ion  a t  a p a r t i c u l a r  i n s t a n t  o f  t i m e  
( s p a t i a l  mean va lues )  or f i n a l l y  o v e r  a g r e a t  number o f  r e a l i z a t i o n s  
r e p r e s e n t e d  b y  i d e n t i c a l  f i e l d s  a t  co r re spond ing  po in t s  and  in s t an t s  
( s t a t i s t i c a l  mean va lues)  e (2) 
When we d e a l  w i t h  t h e  mean values  of  the turbulent  motion,  the common 
concept  is s u c h   t h a t  a f i c t i t i o u s   " l a m i n a r  flow" is p resen t .  (1) ¶ (2) ¶ (3) Y (4) 
In ana logy  to  the  l amina r  case. the  f low is  endowed w i t h  p r o p e r t i e s  c a l l e d  
"eddy viscosi ty"  and "eddy conduct ivi ty ."  These propert ies  bear  no rela- 
t i o n  t o  t h e  o r d i n a r y  d i f f u s i o n  p r o p e r t i e s  o f  t h e  f l u i d  a n d  are i n t i m a t e l y  
r e l a t e d  t o  t h e  f l o w  i t s e l f .  F u r t h e r m o r e ,  t h e i r  n u m e r i c a ' l  v a l u e s  may be 
hundreds of  times l a r g e r  .(*I Several phenomenological theories substantially 
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c o n t r i b u t e d  t o  t h e  p r e s e n t  u n d e r s t a n d i n g  o f  some impor tan t  aspec ts  of  
tu rbulence .  (5) ’ (6)’(7) For t h i s  r e a s o n  t h i s  a p p r o a c h  h a s  b e e n  employed 
i n  t h e  p r e s e n t  i n v e s t i g a t i o n  o f  t u r b u l e n t  s w i r l i n g  f l o w .  
It was g e n e r a l l y  b e l i e v e d ( 4 )  t h a t  t h e  d i f f e r e n t  f e a t u r e s  o f  t u r b u l e n t  
f low such as mean v e l o c i t y  d i s t r i b u t i o n  a n d  f r i c t i o n a l  e f f e c t s  b e a r ,  i n  
gene ra l ,  l i t t l e  resemblance   to   those   found  in   l aminar   f low.   This  i s  due 
t o  t h e  f a c t  t h a t  t h e  d i f f u s i o n  mechanism i n  t u r b u l e n t  f l o w  i s  f a r  s t r o n g e r  
than  molecu la r  d i f fus ion .  When the  e f f ec t  o f  bo th  tu rbu len t  and  molecu la r  
d i f f u s i o n  is  cons idered ,  i t  is  commonly assumed t h a t  t h e  two are a d d i t i v e  
i n  t h e  f i e l d  o f  f l o w .  
I n  a d d i t i o n  t o  p h e n o m e n o l o g i c a l  m o d e l s ,  s t a t i s t i c a l  a p p r o a c h e s  were 
a l so  used  to  s tudy  turbulence .  This  approach  i s  mathematical ly  more ele- 
gant and may indeed  l ead  to  a more fundamenta l  and  de ta i led  unders tanding  
o f   t he   na tu re   o f   t u rbu len t   mo t ion .   In   t he   p re sen t   s t a t e ,   however ,   t h i s  
method does  not  y ie ld  comple te  so lu t ions  to  turbulen t  f low problems s ince  
the  mathemat ica l  formula t ion  lacks  c losure ,  i .e . ,  h i g h e r  o r d e r  c o r r e l a t i o n  
func t ions  a re  success ive ly  in t roduced  when s t u d y i n g  t h e  dynamic behavior 
o f  c o r r e l a t i o n s  o f  a g iven  o rde r .  A t t e m p t s  made t o  e x p r e s s  t h e s e  f u n c t i o n s  
i n  terms of a f o u r i e r  series r e s u l t e d  e i t h e r  i n  c o m p l e t e  d i v e r g e n c e  o r  a t  
bes t  in  ex t remely  s low convergence .  Whi le  i t  it  p o s s i b l e  t o  p u r s u e  t h i s  
approach  by  in t roducing  ra ther  a rb i t ra ry  assumpt ions  in to  the  ana lys i s ,  
it was d e c i d e d  t o  u t i l i z e  t h e  s i m p l e r  and more commonly used phenomenologi- 
c a l  a p p r o a c h  i n  t h e  p r e s e n t  i n v e s t i g a t i o n .  
2 
and Rotat ing Flow I n v e s t i g a t i o n s  
The dye experiment of 0. Reynolds(8) f i r s t  n o t e d  t h e  i r r e g u l a r  m o t i o n  
o f  t h e  f l u i d  e l e m e n t s  f o r  t h e  case o f  p a r a l l e l  f l o w  t h r o u g h  a p i p e  o f  c i r -  
cu l a r  c ros s - sec t ion .  The  t r ans i t i on  f rom l amina r  to  tu rbu len t  mo t ion  took  
p l a c e  a t  a d e f i n i t e  v a l u e  of what i s  now  known as the Reynolds '  Number. 
The  f low be tween concent r ic  ro ta t ing  cy l inders  was f i r s t  c o n s i d e r e d  ex- 
p e r i m e n t a l l y  b y  M a l l ~ c k ( ~ )  who found  tha t  when t h e  i n n e r  c y l i n d e r  was 
f ixed ,  t he  s t eady  f low was s t a b l e  so long as t h e  a n g u l a r  v e l o c i t y  o f  t h e  
outer  one did not  exceed a c e r t a i n  l i m i t .  When it exceeded  tha t  l i m i t  t h e  
flow was d e f i n i t e l y  u n s t a b l e .  On t he  o the r  hand ,  when t h e  o u t e r  c y l i n d e r  
was f ixed  he  found tha t  the  s teady  mot ion  was u n s t a b l e  f o r  a l l  speeds of 
r e v o l u t i o n  o f  t h e  i n n e r  c y l i n d e r  t h a t  h e  t r i e d .  
The problem caught  the at tent ion of  G .  I. Taylor  who s t u d i e d  it bo th  
mathematical ly   and  experimental ly   and  obtained  def ini te  results. I n  
1922(1°) h i s  r e s u l t s  showed t h a t  when the  inne r  cy l inde r  was a t  rest, t h e  
steady motion w a s  s t a b l e  f o r  a wide range of r o t a t i o n a l  s p e e d s  o f  t h e  o u t e r  
cy l inder ,  and  when t h e  o u t e r  c y l i n d e r  was f ixed  the  f low was s t a b l e  f o r  
s u f f i c i e n t l y  low r o t a t i o n  o f  t h e  i n n e r  c y l i n d e r .  H e  a l so  measured  the  
t a n g e n t i a l  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  t u r b u l e n t  r e g i o n  b e t w e e n  t h e  c y l -  
inders  and  found out  tha t  the  f low in  a l a r g e  p a r t  of the  annular  space  
was i r r ~ t a t i o n a l ? ~ )  The same observa t ion  w a s  made  by Wattendorf (''1 f o r  
t u rbu len t  f l ow in  cu rved  channe l s .  
The f i c t i t i o u s  " l a m i n a r  flow" concept of tu rbulen t  mot ion  w a s  used by 
p a s t  i n v e s t i g a t o r s  i n  t h e  a n a l y s i s  of r o t a t i n g  and  swi r l ing  tu rbu len t  flow. 
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Kassner and  Knoernschi ld(12)  s tud ied  f r ic t ion  laws a n d  e n e r g y  t r a n s f e r  i n  
r o t a t i n g  f l o w  i n  a n  a t t e m p t  t o  e x p l a i n  t h e  H i l s c h  o r  Ranque e f f e c t  i n  a 
vo r t ex  tube .  They  showed t h a t  i n  s u c h  a f low the  shea r ing  stress is  pro- 
p o r t i o n a l  t o  t h e  s h e a r  v e l o c i t y ,  t h e  p r o p o r t i o n a l i t y  f a c t o r  b e i n g  t h e  e d d y  
v i scos i ty  wh ich  i s  i n  t u r n  a func t ion  of  the  shear  ve loc i ty  and  the  mixing  
length.  Ragsdale  (I3) used  Kassner ' s  formula t ion  of  the  eddy v iscos i ty  to  
i n v e s t i g a t e  t h e  c o r r e l a t i o n  o f  h i s  e x p e r i m e n t a l  v o r t e x  d a t a  w i t h  m i x i n g  
l eng th  expres s ions  g iven  by  P rand t l  ( I 4 )  and von Karman's similari ty hypo- 
t h e s i ~ . ' ' ~ )  He concluded   tha t   Karman ' s   mix ing   length   func t ion   cor re la tes  
t h e  d a t a  b e t t e r  t h a n  t h a t  assumed  by P r a n d t l .  
E ins te in  and  L i , ( I 6 )  i n  t h e i r  t r e a t m e n t  o f  t u r b u l e n t  v o r t e x  m o t i o n  o f  
i ncompress ib l e  f lu ids  showed a n a l y t i c a l l y  t h a t  i n  t h e  t a n g e n t i a l  component 
o f  t he  Nav ie r -S tokes  equa t ion ,  t u rbu len t  f l ow has  an  e f f ec t  similar t o  t h a t  
o f  l amina r  f low i f  t he  eddy  v i scos i ty  (pe ) i s  cons idered  a cons t an t .  
Deissler and Perlmutter  (I7) e x t e n d e d  t h i s  s t a t e m e n t  t o  c o m p r e s s i b l e  f l u i d s  
m 
in  the i r  s tudy  of  the  Ranque-Hi lsch  phenomenon. T h e i r  t h e o r e t i c a l  r e s u l t s  
agree  reasonably  wel l  wi th  the  exper imenta l  da ta  of  Har tne t t  and  Ecker t .  (18) 
Reynolds (I9) and Sibulkin(20) have studied a number of problems on v o r t i c a l  
f l ows  to  exp la in  and  ana lyze  the  same e f f e c t .  
K r e i t h  and  Sonju(21) made a s e m i - t h e o r e t i c a l  a n a l y s i s  of the decay of  
a t u r b u l e n t  swirl o f  an  incompress ib l e  f lu id  in  p ipes .  They  used  an  empi r i -  
ca l  express ion  of  the  k inemat ic  eddy v iscos i ty  (e ) i n  t h e  l i n e a r i z e d  swirl 
equat ion and obtained good agreement with experimental data as f a r  as t h e  
t u r b u l e n t  s w i r l  decay i s  concerned.  The predicted mean t a n g e n t i a l  v e l o c i t y  
d i s t r i b u t i o n ,  however,  deviated from experimental  values far downstream. 
m 
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Stud ies  o f  t he  e f f ecc  of t u r b u l e n t  s w i r l i n g  f l o w  i n  h e a t  t r a n s f e r  i n  
tubes  were c a r r i e d  o u t  by Krei th  and Margol is , (22)  Smithbern and Landis ,  (23) 
Gambil, Bundy and Wansbrough (24)  and others .  Ragsdale ,  (25) Keyes (26) and 
Kar reb rock  and  Meghreb l i a r~ (~~)  have  ana lyzed  o the r  t ypes  of vor tex  f lows  
i n  a n  e f f o r t  t o  d e v e l o p  a method s u i t a b l e  f o r  t h e  c o n t a i n m e n t  o f  g a s e s  i n  
a nuc lea r  rocke t .  
For  the  laminar  case, Lavan and Fe jer(28) obta ined  a numer ica l  so lu t ion  
f o r  s w i r l i n g  f l o w  i n  t h e  e n t r a n c e  r e g i o n  o f  p i p e s  u s i n g  t h e  c o m p l e t e  Navier- 
S tokes  equat ion .  Col la tz  and  Goer t le r  ( 2 9 )  and Talbot (30) cons idered  small 
swirl components superimposed on a fu l ly  deve loped  pa ra l l e l  p ipe  f low.  
They thus  l inear ized  the  equat ions  of  mot ion  thereby  reducing  them t o  a n  
eigenvalue problem. 
Recent ly ,  R. B. K i n n e ~ ' ~ ' )  e x t e n d e d  von  Karman's s i m i l a r i t y  t h e o r y  
t o  a c y l i n d r i c a l  g e o m e t r y  a n d  e s t a b l i s h e d  t h e  s i m i l a r i t y  c o n d i t i o n s  f o r  
p l a n e  t u r b u l e n t  r o t a t i n g  f l o w .  He der ived  a u n i v e r s a l  v e l o c i t y  p r o f i l e  
and an eddy v i s c o s i t y  e x p r e s s i o n  f r o m  t h e s e  s i m i l a r i t y  c o n d i t i o n s  and 
eva lua ted  a un ive r sa l  cons t an t  i n  the  eddy  v i scos i ty  equa t ion  f rom Tay lo r ' s  
v e l o c i t y  and w a l l  stress measurements. (32) 
Whi le  these  inves t iga t ions ,  as w e l l  as others  not  ment ioned here ,  
con t r ibu ted  to  the  unde r s t and ing  o f  t u rbu len t  swi r l ing  and  ro t a t ing  f low,  
cons iderably  more r e sea rch  i s  r equ i r ed  in  o rde r  t o  unde r s t and  these  p rob-  
l e m s  more comple te ly .  The  present  inves t iga t ion  w i l l  a t t e m p t  t o  s t u d y  t h e  
p rob lem o f  tu rbu len t  swi r l ing  f low in  a c y l i n d r i c a l  p i p e  u s i n g  t h e  phenom- 
eno log ica l  mode l s  o f  t he  tu rbu len t  f l ow mechanism.  The  decay  of  angular 
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momentum w i l l  b e  s t u d i e d  over e r e l a t i v e l y  l a r g e  axial  d i s t a n c e  from t h e  
po in t  o f  swirl gene ra t ion .  The s w i r l  equa t ion  w i l l  be  deduced  from 
Tay lo r ' s  mod i f i ed  vo r t i c i ty  t r anspor t  t heo ry  us ing  an  eddy  v i scos i ty  
expression der ived by extending von Karman's  s imilar i ty  hypothesis  to  a 
cy l ind r i ca l   geomet ry   w i th  a f u l l y   t u r b u l e n t   s w i r l i n g   f l o w .   I n   o r d e r   t o  
i nc lude  the  r eg ion  nea r  t he  wall i n  t h e  a n a l y s i s ,  p e r t i n e n t  m o d i f i c a t i o n  
i n  t h e  swirl and  eddy v i s c o s i t y  e x p r e s s i o n s  w i l l  b e  made.  The t h e o r e t i c a l  
r e su l t s  w i l l  be  compared  wi th  exper imenta l  da ta  obta ined  by  o ther  inves-  
t i g a t o r s .  (33) Y ( 3 4 )  
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11. CONTINUITY "" . AN? NAVIER-STOKES EQUATION FOR TURBULENT FLOW 
To s tudy  the t ime-dependent  propert ies  of  turbulent  f low i t  i s  u s u a l l y  
assumed tha t  t he  mot ion  can  be  sepa ra t ed  in to  a mean f low with a f l u c t u a t i n g  
flow  superimposed  on it. The  ins tan taneous  va lue  of  any  dependent  var iab le  i s  
t h e n  t h e  sum o f  the  mean and f l u c t u a t i n g  v a l u e s  o f  t h i s  v a r i a b l e .  
Due to  the  complexi ty  of  the  ins tan taneous  turbulen t  mot ion  an  averaging  
technique is  employed  and t h e  i n v e s t i g a t i o n  c o n c e r n s  i t s e l f  w i t h  t h e  a v e r a g e  
mot ion  tha t  inc ludes  mean va lues  as w e l l  as  products  of  f luc tua t ing  components .  
Of t h e  E u l e r i a n  mean values  mentioned previously,  the temporal  type is commonly 
used  in  methods  of  measurement  and  observation  (Reference 2, p. 81). The 
average of any  quant i ty ,   say F ,  is  
T - 
T F d t  
0 
where T i s  l a r g e  compared t o  t h e  t i m e  scale o f  t he  f luc tua t ions .  Th i s  r ende r s  
t h e  mean va lue  of  the  f luc tua t ing  components  as zero.  The mean va lue  of  the  
product of two q u a n t i t i e s  t h a t  c a n  b e  e x p r e s s e d  a s  
is  t h e r e f o r e  
" 
A B -4 A s  B' 
and B + B' - 
H i n z e ( l )  a n d  S ~ h l i c h t i n g ' ~ )  g i v e  a de ta i led  account  of  the  averaging  procedure .  
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Figure  1 d e p i c t s  t h e  c y l i n d r i c a l  p o l a r  c o o r d i n a t e  s y s t e m  t h a t  w i l l  be 
'used where u, v, w, p and p t  are t h e  i n s t a n t a n e o u s  v e l o c i t i e s ,  p r e s s u r e  
and  dens i ty .  These  va r i ab le s  are i n  t u r n  g i v e n  b y  
u = u + u '  
v = V + v '  
w = w + w '  
p = P + p '  
- 
- 
where  the  bar  denotes  mean va lues  and the  pr imes  the  f luc tua t ing  components .  
F igu re  1: Coordinate   System  and  Veloci ty   Notat ion 
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The f luctuat ing component  of p h y s i c a l  q u a n t i t i e s  l i k e  v i s c o s i t y ,  s p e c i f i c  
hea t  and  coe f f i c i en t  o f  hea t  conduc t iv i ty  can  be  neg lec t ed  (Refe rence  2, 
p.  82). 
I n s e r t i n g  t h e  i n s t a n t a n e o u s  v a l u e s  ( E q u a t i o n  1) i n t o  t h e  c o n t i n u i t y  
and Navier-Stokes equat ions,  taking time averages  and  cons ider ing  cons tan t  
mo lecu la r  v i scos i ty ,  we ob ta in  the  fo l lowing  equat ions  for  compress ib le  
flow. 
A. COMPRESSIBLE FZIlW 
1. Cont inui ty   Equat ion  
2. Equations of Motion 
(a) R a d i a l  Component 
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(b) Tangential Component 
10 
( c )  Axial Component 
Where: 
a2 a - a2 + -  a2 v2 = 2 + rar + r2a% a22 
ar 
p = Molecular viscosity 
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= A v e r a g e  e x t e r n a l  f o r c e s  i n  t h e  r a d i a l ,  t a n g e n t i a l  
and a x i a l  d i r e c t i o n .  
The coupled non-l inear  system of  Equat ions 2 - 5 i s  very complex and 
r e q u i r e s  t h e  a d d i t i o n  o f  t h e  e n e r g y  e q u a t i o n  i f  c o m p r e s s i b l e  f l o w s  a r e  t o  
be  cons idered .  
To s impl i fy  the  p rob lem we cons ider  incompress ib le  f low,  thus  decoupl ing  
t h e  e n e r g y  e q u a t i o n  a n d  e l i m i n a t i n g  t h e  t r i p l e  c o r r e l a t i o n  f u n c t i o n s .  A l s o ,  
H i s  now z e r o .  I n  a d d i t i o n ,  we assume t h a t  t h e  mean f low i s  s t e a d y , a x i -  
symmetric and  no  body f o r c e s  a r e  p r e s e n t .  
- 
With  the  above  s impl i f i ca t ions  and  cons ide r ing  tha t  t he  f luc tua t ing  
f l o w  s a t i s f i e s  t h e  c o n t i n u i t y  e q u a t i o n  ( R e f e r e n c e  22,  p .  19), Equat ions 
2 - 5 reduce to:  
B 6 INCOMPRESSIBLE FLOW 
1. Con t inu i ty   Equa t ion  
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2.  Equations of Motion 
(a) R a d i a l  Component 
(b) 'Tangent ia l  Component 
" w -  - a7 - a7 + - =  u v  v [ -  a2v + - a 2~ 
+ U a r  aZ  r + " az2 ar2 
( c )  A x i a l  Component 
Where v = k i n e m a t i c  v i s c o s i t y  = 
P *  
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. 
Apparent ly ,  the hydrodynamical  equat ions for a turbulen t  incompress ib le  
f l u i d  h a v e  a form similar to  the  o r ig ina l  Nav ie r -S tokes  equa t ion  wi th  con-  
s t a n t  v i s c o s i t y  e x c e p t  t h a t  a d d i t i o n a l  d e p e n d e n t  v a r i a b l e s  c a l l e d  R e y n o l d s '  
stresses are p r e s e n t .  T h e s e  f i c t i t i o u s  stresses c h a r a c t e r i z e  t h e  t u r b u l e n t  
f r i c t i o n  i n  t h e  f i e l d  and when m u l t i p l i e d  by t h e  mean v e l o c i t y  g r a d i e n t s  
g i v e  t h e  ra te  of   product ion of turbulent   energy.   Hinze ' l )   explains   the 
p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e s e  f i c t i t i o u s  f o r c e s  a n d  d i s c u s s e d  t h e  e n e r g y  
r e l a t i o n s  i n  t h e  t u r b u l e n t  f i e l d .  
The system of Equations 6 - 9 has  more dependent variables than 
a v a i l a b l e  e q u a t i o n s ,  h e n c e  a d d i t i o n a l  r e l a t i o n s h i p s  are r equ i r ed .  
Boussinesq ( 3 5 )  r ea l i zed  th i s  p rob lem and  in t roduced  the  concep t  t ha t  t he  
t u r b u l e n t  stresses behave  l ike  v iscous  stresses, i.e.,  t hey  are propor t ion-  
a l  t o  t h e  mean v e l o c i t y  g r a d i e n t s .  He t e rmed  the  p ropor t iona l i t y  f ac to r  
as "eddy viscosi ty ."  
A l though  the  ex i s t ence  o f  t h i s  i dea  i s  due l a r g e l y  t o  t h e  a n a l o g y  
w i t h  l a m i n a r  f l o w ,  t h i s  p r o p e r t y  o f  t h e  t u r b u l e n t  f l u i d  is  not  l ike molec-  
u l a r  v i s c o s i t y  n o r  are t h e y  r e l a t e d  as d iscussed  ear l ier .  One  may the re -  
f o r e  raise a se r ious   ob jec t ion   t o   t he   who le  scheme. In   support ,   Hinze ( 1 , p . Z z )  
commented: "There i s  no th ing   aga ins t   t he   fo rma l   i n t roduc t ion   o f   t he  term 
' e d d y  v i s c o s i t y '  i f  we are f u l l y  aware of i t s  s p e c i f i c  o f f i c e ,  namely t o  
express  the  behavior  of t h e  t u r b u l e n t  s t r e s s e s  i n  terms of  the  mean ve loc i ty  
g r a d i e n t s  i n  a f lowing  f lu id ."  
The mathematical  nature  of  the eddy viscosi ty  is not  y e t  gene ra l ly  
ascer ta ined .  S tan is ic  and  Groves  ( 3 6 )  argued  tha t  a l though it  t ransforms 
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prope r ly  when assumed t o  be a second order  tensor ,  it is n o t  s u f f i c i e n t l y  
g e n e r a l  t o  a s s u r e  t h e  e x i s t e n c e  o f  s ix  l inear ly  independent  Reynolds '  
stresses. They h i n t e d  t h e  p o s s i b i l i t y  t h a t  it i s  a f o u r t h  o r d e r  t e n s o r .  
To a c c o u n t  f o r  t h e  d i f f e r e n t  v a l u e s  i n  d i f f e r e n t  d i r e c t i o n s ,  t h e r e  
were s u g g e s t i o n s  t h a t  t h e  e d d y  v i s c o s i t y  b e  t r e a t e d  as a v e c t o r .  (37) T h i s  
i s  permiss ib le  provided  the  assumpt ion  tha t  the  Reynolds '  stresses are 
p r o p o r t i o n a l  t o  t h e  mean deformat ion  tensor  is  n o t  u s e d  i n  t h e  a n a l y s i s .  
The expression of  the turbulence stresses i n  terms o f  t h e  v e l o c i t y  g r a d i -  
e n t s  h a s  t o  b e  a s c e r t a i n e d  b y  some o t h e r  means ( f o r  example,  with the aid 
of  phenomenohgical  theories) .  
I f  t h e  eddy v i s c o s i t y  i s  t o  b e  t r e a t e d  as a s c a l a r ,  t h e  a v e r a g e  
turbulence  pressure  f rom the  turbulen t  stresses m u s t  be  taken  as a separate  
t e r m  i n  t h e  f o r m u l a t i o n  e x p r e s s i n g  the turbulence  stress t e n s o r  i n  terms 
of  the  mean d e f o r m a t i o n  t e n s o r .  I n  t h i s  way, t h e  two s ides  o f  t he  equa t ion  
become i d e n t i c a l l y  z e r o  f o r  a n  i n c o m p r e s s i b l e  f l u i d  ( R e f e r e n c e  1, p.21). 
I n  t h i s  i n v e s t i g a t i o n ,  t h e  e d d y  v i s c o s i t y  f u n c t i o n  was der ived  wi th  
the   use   o f   Karman 's   s imi la r i ty   hypothes is .  It was found t h a t  f o r  s w i r l i n g  
f l o w ,  e d d y  v i s c o s i t y  e x i s t s  a t  two perpendicular  planes of  a f lu id  e l emen t  
(see F igure  12 ) ,  due  to  the  p re sence  o f  mean ve loc i ty  g rad ien t s  pe rpend icu -  
lar to  such  p l anes .  Assuming t h a t  t h e  s i m i l a r i t y  c o n d i t i o n s  are s imultane-  
o u s l y  s a t i s f i e d  a t  e v e r y  p o i n t  i n  t h e  f i e l d  a n d  t r e a t i n g  t h e  e d d y  v i s c o s i t y  
as a v e c t o r ,  a r e s u l t a n t  e x p r e s s i o n  was obtained.  The evaluat ion of  the 
s i m i l a r i t y  c o n s t a n t  w a s  based on K i n n e y ' ~ ' ~ ' )  i n v e s t i g a t i o n .  (A d e t a i l e d  
d i scuss ion  i s  g iven  in  Chap te r  V I I . )  
! 
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111. PHENOMENOIAKICAL  THEORIES 
Three  e l emen ta ry  theo r i e s  are commonly u s e d  t o  d e s c r i b e  t h e  t u r b u l e n t  
flow mechanism, namely: 
1) Prandt  1 ' s Momentum Transport  Theory 
2) T a y l o r ' s   V o r t i c i t y   T r a n s p o r t   T h e o r y  
3) von  Karman's S imi l a r i t y   Theory  
Each  of  these  theor ies  are based on a s sumpt ions  tha t  are n o t  g e n e r a l  i n  
a p p l i c a t i o n  so t h a t  i t  i s  poss ib l e  tha t  one  may apply  in  one  case o r  i n  a 
p a r t  o f  t h e  f l o w  f i e l d  w h i l e  t h e  o t h e r s  do n o t .  S ~ h l i c h t i n g ' ~ )  g i v e s  a 
good in t roductory  account  of t h e s e  t h e o r i e s .  
The above-mentioned theories use the concept o f  a "mixing length" 
which i s  tha t  cha rac t e r i s t i c  d i s t ance  ove r  wh ich  an  agg lomera t ion  o f  f lu id  
p a r t i c l e s  i s  c o n s i d e r e d  t o  p r e s e r v e  a t r a n s f e r a b l e  p r o p e r t y .  A f t e r  t r a v e r -  
s i n g  t h i s  d i s t a n c e  t h e  f l u i d  p a r t i c l e s  mix w i t h  t h e  new s u r r o u n d i n g  f l u i d .  
The f l u c t u a t i o n  o f  t h e  t r a n s f e r a b l e  p r o p e r t y  is  r e l a t e d  t o  t h e  d i f f e r e n c e  
between the value of t h i s  p r o p e r t y  a t  t h e  two d i f f e r e n t  l a m i n a  s e p a r a t e d  
by t h i s  l e n g t h .  I n  a manner, t h i s  c o n c e p t  of the   mix ing   length  is some- 
what analogous with the mean f r e e  p a t h  i n  t h e  k i n e t i c  t h e o t y  o f  g a s e s .  
The d i f f e r e n c e  i s  t h a t  t h e  l a t t e r  conce rns  i t s e l f  w i th  the  mic roscop ic  
motion of  individual  molecules  s t r i c t  ly  obeying the condi t ions assumed,  
whi le  the  former  dea ls  wi th  the  macroscopic  mot ion  of  a lump of f l u i d  
p a r t i c l e s  t h a t  may undergo cont inuous changes due to  external  and viscous 
e f f e c t s .  The  assumptions made are, the re fo re ,   on ly   approx ima te ly   fu l f i l l ed .  
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Von Karman's S i m i l a r i t y  T h e o r y  c o n s i d e r s  t h e  m i x i n g  l e n g t h  t o  b e  a 
l e n g t h  scale o f   t he   t u rbu lence  mechanism. It advoca te s   t ha t   t he   t u rbu -  
l e n t  f l o w  p a t t e r n s  a t  d i f f e ren t  po in t s  i n  the  immedia t e  ne ighborhood  o f  
t h e  r e f e r e n c e  p o i n t  are s i m i l a r  and d i f f e r  o n l y  i n  t h e  s c a l e s  o f  l e n g t h  
and  ve loc i ty .  Wi th  th i s  concept ,  the  mixing  length  is  c o n s i d e r e d  t o  b e  
independent  of  the magnitude of  veloci ty  and i s  only a func t ion  o f  t he  
v e l o c i t y  g r a d i e n t s  as wel l  as o f  t he  h ighe r  o rde r  de r iva t ives .  
F o r  p a r a l l e l  f l o w s  i n  p i p e s  and channels ,  Prandt l  assumed the mixing 
l e n g t h  t o  b e  p r o p o r t i o n a l  t o  t h e  d i s t a n c e  f r o m  t h e  wal l .  (14) I n  t h i s  case 
t h e  l e n g t h  is  r e l a t e d  t o  t h e  p a t h  o f  t h e  f l u i d  e l e m e n t  a n d  i s  t h e r e f o r e  a 
"Lagrangian  length."  Karman's  length i s  an   "Euler ian   l ength"   s ince  i t  i s  
cons ide red  to  be  a l e n g t h  s c a l e  i n  t h e  f l o w  f i e l d .  
P r a n d t l ' s  and Karman's formulation of the mixing length can be used 
i n  c o n j u n c t i o n  w i t h  e i t h e r  momentum o r  v o r t i c i t y  t r a n s p o r t  t h e o r y .  G o l d -  
s t e in (5 )  i nves t iga t ed  the  va l id i ty  o f  Karman ' s  mix ing  l eng th  func t ion  to  
p a r a l l e l .  f l o w  i n  p i p e s  and channels  using both momentum and v o r t i c i t y  
t r a n s p o r t   t h e o r i e s   i n   e a c h   c a s e .  He f o u n d   t h a t   f o r   t u r b u l e n t   p a r a l l e l  
- p i p e  f l o w s   t h e   p r e d i c t e d   v e l o c i t y   d i s t r i b u t i o n   u s i n g   t h e   v o r t i c i t y   t r a n s -  
p o r t  t h e o r y ' s  f o r m u l a t i o n  f o r  t h e  s h e a r i n g  s t r e s s  a g r e e d  w e l l  w i t h  t h e  
expe r imen ta l  r e su l t s  o f  S t an ton  and  Nikuradse  a s  shown i n  F i g u r e  2 ,  where 
W = maximum v e l o c i t y ,  W, = f r i c t i o n   v e l o c i t y   ( w a l l   s h e a r   s t r e s s / p )  , 
and W = l o c a l  v e l o c i t y .  The f i g u r e  shows a compar i son  o f  t heo re t i ca l ly  
p red ic t ed  and  expe r imen ta l ly  measu red  ve loc i ty  p ro f i l e  fo r  t u rbu len t  paral- 
l e l  f l o w  i n  p i p e s  a f t e r  S. G o l d ~ t e i n > ; ( ~ )  The v e l o c i t y  d i s t r i b u t i o n  was 
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FIGURE 2. PREDICTED AXIAL VELOCITY PROFILE IN PIPES AFTER 
GOLDSTEIN  USING VORTICITY TRANSPORT AS WELL 
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o b t a i n e d  u s i n g  T a y l o r ' s  v o r t i c i t y  t r a n s p o r t  t h e o r y  as w e l l  as the mixing 
length expression der ived from Karman's  s imilar i ty  theory.  
F o r  t u r b u l e n t  c h a n n e l  f l o w ,  t h e  v e l o c i t y  d i s t r i b u t i o n  p r e d i c t e d  by t h e  
.momentum t r anspor t  t heo ry  ag rees  wi th  expe r imen t  be t t e r  t han  tha t  u s ing  the  
v o r t i c i t y  t r a n s p o r t  t h e o r y .  
G .  I. Taylor(6)  made a similar i n v e s t i g a t i o n  f o r  t u r b u l e n t  p a r a l l e l  
p ipe  and  channel  f lows  us ing  h is  theory  as w e l l  as P r a n d t l ' s  momentum 
t r anspor t  t heo ry .  H e  took  Prandt l ' s  express ion  of  the  mixing  length  and  
h i s  r e s u l t s  show t h a t  f o r  t u r b u l e n t  paral le l  p ipe  f low,  the  ve loc i ty  d i s -  
t r i b u t i o n  p r e d i c t e d  by h i s  t h e o r y  a g r e e s  w i t h  e x p e r i m e n t a l  d a t a  b e t t e r  t h a n  
t h a t  p r e d i c t e d  by t h e  o t h e r  t h e o r y .  The  agreement is shown i n  F i g u r e  3 
where   the   no ta t ions   a re   the  same as those  in  F igu re  2 .  Fo r  tu rbu len t  
channel  f low,  there  i s  nothing to  choose between the resu l t s  of  the two 
theo r i e s  s ince  the  d i sag reemen t  wi th  expe r imen ta l  da t a  are t h e  same f o r  
bo th .  
Based on t h e  above r e s u l t s  i t  a p p e a r s  t h a t  T a y l o r ' s  v o r t i c i t y  
t r anspor t  t heo ry  g ives  good r e s u l t s  f o r  p i p e  f l o w s .  T h i s  i s  due t o  t h e  
f a c t  t h a t  € o r  a two-dimens iona l  f low the  t ranspor t  o f  vor t ic i ty  in  un-  
impeded i n  t h e  f l o w  f i e l d .  T h i s  c a n  b e  s e e n  f r o m  t h e  v o r t i c i t y  e q u a t i o n  
which  for  conserva t ive  forces  takes  the  form: 
where: = t h e   i n s t a n t a n e o u s   v e l o c l t y   v e c t o r  
g = t h e   i n s t a n t a n e o u s   v o r t i c i t y   v e c t o r  
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I n  a cy l ind r i ca l  geomet ry  wi th  axisynunetric f low,  the term (E -v) 1, 
which  represents  the  "rate o f  change  o f  vo r t i c i ty  when t h e  v o r t e x  l i n e  
moves wi th  the  f lu id  and  the  s t r eng th  o f  t he  vo r t i ce s  r ema in  cons t an t " ,  (3) 
vanishes   and  the  remaining terms r e s u l t  i n  a d i f f u s i o n - l i k e  e q u a t i o n .  I n  
p ipe  f low unl ike  channel  f low,  the  secondary  f lows  present  are n o t  l a r g e  
enough to   des t roy   the   two-dimens iona l i ty   concept .  Hence the  fundamental  
a s sumpt ion  o f  t he  vo r t i c i ty  t r anspor t  t heo ry  i s  e s s e n t i a l l y  f u l f i l l e d  i n  
p ipe  f lows .  
In 1935,  Taylor (7)  appl ied  h is  theory  in  a modi f ied  form to  turbulen t  
f l ow be tween  concen t r i c  ro t a t ing  cy l inde r s  ( see  Chap te r  V) . When t h e  
inne r  cy l inde r  i s  r o t a t i n g  w h i l e  t h e  o u t e r  o n e  is  f i x e d  h e  e x p e r i ~ e n t a l l y  
v e r i f i e d  t h a t  i n  o v e r  83% of the annular  space between the cyl inders  the 
f low i s  d e f i n i t e l y  of t he  type  p red ic t ed  by h i s  m o d i f i e d  v o r t i c i t y  t r a n s -  
port   theory.   The  remaining  space  near   the  inner   and  outer   cyl inders   has  
a f low of  the  type  predic ted  by t h e  momentum transport  bheory.  This  re- 
s u l t  is shown i n  F i g u r e  4 where the constancy of the angular momentum 
( a s  p r e d i c t e d  by t h e  v o r t i c i t y  t r a n s p o r t  t h e o r y )  p r e v a i l s  i n  a l a r g e  re- 
gion  of  the  f low.  Wattendorf,  (I1) i n  h i s  e x p e r i m e n t s  on turbulen t  f lows  
i n  c u r v e d  c h a n n e l s  a n d  r o t a t i n g  c y l i n d e r s , a l s o  made similar observa t ions .  
The above mentioned r e s u l t s  s u g g e s t  t h a t  T a y l o r ' s  v o r t i c i t y  t r a n s p o r t  
t heo ry  shou ld  be  app l i cab le  fo r  i nves t iga t ing  tu rbu len t  swi r l ing  f low in  
p ipes .  However, i n  o r d e r  t o  surmount t h e   m a t h e m a t i c a l   d i f f i c u l t i e s   i n -  
vo lved ,   addi t iona l   assumpt ions  w i l l  be  made. Furthermore,  as the  theo ry  does 
not  yie  Id a mathematical  formulation  of  the  mixing  length  parameter,  von Karman ' s 
s imi l a r i t y  theo ry  fo r  t u rbu len t  mo t ion  w i l l  be u s e d  t o  a c h i e v e  t h i s  e n d .  
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FIGURE 4. DISTRIBUTION OF ANGULAR MOMENTUM IN THE ANNULAR SPACE BETWEEN TWO 
CONCENTRIC  CYLINDERS  (INNER  CYLINDER  ROTATING)  AFTER G. 1. 
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IV . FORMULATION OF THE  INCOMPRESSIBLE TURBULErJT FILM EQUATIONS OF MOTION 
USING THE VORTICITY TRANSPORT  THEORY 
The equat ions  of  mot ion  for  an  incompress ib le  f lu id  wi th  cons tan t  
v i s c o s i t y  are: 
where 1 = v e l o c i t y   v e c t o r  
P = pres su re  
F = body fo rce   vec to r  
p = d e n s i t y  
t = t i m e  
p = m o l e c u l a r   v i s c o s i t y  
- 
Since 
and def ining 
p v _  - - R which i s  t h e   v o r t i c i t y   v e c t o r ,  
Equat ion 11 c a n  b e  w r i t t e n  as: 
(11-a) 
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The vor t i c i ty  t r anspor t  t heo ry  a s sumes  tha t :  1) the  molecular  
v i s c o s i t y  i s  n e g l i g i b l e  compared t o  t h e  eddy v i s c o s i t y  of  t h e  t u r b u l e n t  
f l u i d ;  2) t h e  mean flow is  steady  and  axisymmetric,  and 3)  body f o r c e s  
are n e g l i g i b l e .  The   i n s t an taneous   quan t i t i e s  are r ep laced  by 
P = P + p '  
where ba r s  deno te  mean va lues  and primes denote fluctuating components.  
With the above assumptions and subst i tut ing the turbulent  instantaneous 
quan t i t i e s  (Equa t ion  13) in  Equat ion  12,  and  taking  averages,   one  obtains:  
I n  t h i s  e q u a t i o n  t h e  R e y n o l d s  s t r e s s e s  a r e  r e p r e s e n t e d  i n  t e r m s  of t h e  
ave rage  vec to r  p roduc t  o f  t he  f luc tua t ing  ve loc i ty  and v o r t i c i t y  v e c t o r s .  
A t  t h i s  p o i n t  we in t roduce  the  concept  of  t h e  v o r t i c i t y  t r a n s p o r t  
theory  which  cons iders  tha t  a f lu id  e l emen t  moves a d i s t a n c e  L ( the mixing 
length)   conserving i t s  v o r t i c i t y  and a f t e r  t r a v e r s i n g  t h i s  d i s t a n c e ,  t h e  
lump of f lu id   mixes   w i th   t he  new environment.  Assuming as well  as i t s  
s p a c e  d e r i v a t i v e  t o  b e  v e r y  small so t h a t  we can  neglec t  i t s  squares  as 
w e l l  as terms q u a d r a t i c  i n  t h e  L's and the i r  space  de r iva t ives ,  an  
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e x p r e s s i o n  f o r  t h e  f l u c t u a t i n g  v o r t i c i t y  v e c t o r ,  gt,  can  be  der ived  in  
terms of the mixing length and the mean v o r t i c i t y  v e c t o r .  If we employ 
the lagrangian cont inui ty  expression and Cauchy's  equat ion for  expressing 
the v o r t i c i t y  a t  any  poin t  in  terms of i t s  v o r t i c i t y  a t  some previous  
p o s i t i o n ,  i t  can  be  shown that  (see Appendix I )  
where L = mixing length vector  with comporrents (L r ,  Le , Lz) . Substi tuting 
Equation 15 i n t o  14, w e  have: 
Equation 16 w i l l  next  be expressed in  cyl indrical  polar  coordinates  where 
t h e  b a r  s i g n  is dropped  from  the mean f low var iab les  for  convenience .  The 
r e s u l t i n g  s c a l a r  e q u a t i o n s  are:  
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H 
Radial Component: 
T a n g e n t i a l  Component: 
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r 
Axial Component: 
-2 
V' 
where Q = - + - and  the  vort ic i ty   components   (Equat ion 11-a) i n  
c y l i n d r i c a l  c o o r d i n a t e s  are: 
P - 
P 2 
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Equat ions 1 7 ,  18 and  19 ,  tha t  are extremely complicated,  can be 
s i m p l i f i e d  by  apply ing  Taylor ' s  modi f ied  concept  of  h i s  theory .  ( 6 )  3 (7) 
A lump of f l u i d  i s  conce ived  to  leave a c e r t a i n  p o s i t i o n  w i t h  t h e  l o c a l  
components of v o r t i c i t y  of  the  mean f low,  and  to  re ta in  these  components  
till i t  mixes with i t s  su r round ings  a f t e r  t r ave r s ing  the  mix ing  l eng th .  
I f  t h i s  c o n d i t i o n  is  s u b s t i t u t e d  i n t o  t h e  m a t h e m a t i c a l  f o r m u l a t i o n  of 
the  process   (see  Appendix 11) it f o l l o w s  t h a t  
L = cons tan t  ( 2  1) - 
I f  we f u r t h e r  assume tha t  t he  ax i symmet r i c  cond i t ion  a l so  ho lds  fo r  t he  
f l u c t u a t i n g  f l o w ,  t h e  e q u a t i o n s  of motion reduce to:  
Radia l  Component: 
Tangen t i a l  Component: 
u a  + w -  a v + "  w - - W ' L r  - - &  W'L "id - a t  ar a Z  r z a z  + u'Lr ar 
2 8  
Axial Component: 
- 
The terms u i L j  , i.e., t h e   t u r b u l e n t   r a n s p o r t   c o e f f i c i e n t s   t h a t  
appear  in  the  sys tem of  Equat ions  22 t o  24 w i l l  now be  cons ide red .  Tay lo r ,  
in h i s  a p p l i c a t i o n  o f  t h e  t h e o r y  t o  p a r a l l e l  p i p e  f l o w  assumed the t u r b u l e n t  
t r a n s p o r t  c o e f f i c i e n t s  t o  b e  i s o t r o p i c ,  and we  w i l l  make t h e  same assumption 
here .   Expressed  mathematical ly ,  
where e i s  the   k inemat i c  eddy v i s c o s i t y  and i, j = r ,  9, z .  m 
I n  the  fo l lowing  chapter ,  Equat ions  22 t o  25 w i l l  b e  a p p l i e d  t o  
d i f f e r e n t   t u r b u l e n t   f l o w   p r o b l e m s   i n   o r d e r   t o   c h e c k   t h e i r   v a l i d i t y .  It 
w i l l  b e  s e e n  t h a t  t h e  r e s u l t i n g  e q u a t i o n s  are t h e  same govern ing  equat ions  
t ha t  p a s t  i n v e s t i g a t o r s  c o n s i d e r e d  i n  t h e  p a r t i c u l a r  c a s e s .  
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V. APPLICATIONS OF THE  DERIVED TURBULENT  FLOW  EQUATIONS 
CASE A: PARALLEL  F OW I N  PIPES (FULLY  DEVELOPED) 
F igure  5: Flow  Geometry f o r  Case A 
I n  t h i s  c a s e  t h e  o n l y  mean ve loc i ty  p re sen t  is  i n  t h e  a x i a l  d i r e c t i o n .  
From the  con t inu i ty  equa t ion ,  6, i t  fo l lows  tha t :  
W = W(r)  only 
SO t h a t  by Equation 20 t h e  mean v o r t i c i t y  components are: 
[ =  0 dw 7' -dr < =  0 
Due t o  t h e  a s s u m p t i o n  t h a t  t h e  t r a n s p o r t  c o e f f i c i e n t s  are i s o t r o p i c :  
and t h e  a x i a l  component of the equat ion of  motion (Equat ion 24)  reduces to:  
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-2 tjg + p) V '  = - U'Lr (-1 d% - 5) 
d r  
The term u'L is  the  k inemat ic  eddy v iscos i ty ,  em, which  can  be  wr i t ten  as: 
- 
r 
e = u'Lr 
- = - -  L2dW (see Reference 5) 
m d r  
Equation 26 becomes: 
S. G ~ l d s t e i n ' ~ )  s o l v e d  t h e  above   equat ion   us ing   Karman 's   s imi la r i ty  
theory 's  formulat ion of  the mixing length,  I,, ( t aken  equa l  t o  the  l eng th  
a c a l e  i n  t h e  t u r b u l e n t  f i e l d )  w h i c h  f o r  p a r a l l e l  p i p e  f l o w  is: 
L = Const 
d2W dw 
d r  
"-
2 r d r  
H e  solved  Equation 27 using  the  boundary  condi t ion - = a t  r = r 
t o  e v a l u a t e  o n e  o f  t h e  two c o n s t a n t s  of integrat ion.   The  remaining  con-  
s t a n t  was eva lua ted  by  the  use  of  the  exper imenta l  da ta  of Stanton and 
Nikuradse . 
dw 
d r  W 
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Figure  2 shows Goldstein 'e  resul ts  compared with experimental  data .  
The  agreement 1s very  good indeed. 
Taylor(6)  solved the above problem but  h i s  mathematical  formulat ion 
does  not  assume axisymmetry t o  h o l d  f o r  t h e  f l u c t u a t i n g  flow. He obtained 
a p o s i t i v e  s i g n  i n  t h e  r i g h t  hand term of  Equation 2 7 .  Using  P rand t l ' s  
assumpt ion  for  the  mixing  length ,  he  in tegra ted  the  equat ion  and  h is  re- 
s u l t s  a r e  shown i n  F i g u r e  3 .  It can  be  observed  that   the   agreement   be-  
tween theory and experiment i s  a l s o  good he re .  
CASE B: FLOW BETWEEN ROTATING CONCENTRIC  YLINDERS 
F igure  6 :  Flow  Geometry fo r   Case  B 
This  problem had  been  cons idered  theore t ica l ly  and experimental ly  by 
G. I. Tay lo r (7 )  u s ing  the  same t h e o r y  f o r  h i s  t h e o r e t i c a l  p r e d i c t i o n s .  
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I f  t h e  c y l i n d e r s  are s u f f i c i e n t l y  l o n g  and t h e i r  e n d s  are c losed  
t h e r e  i s  no n e t  axial  f low and end effects  may be  neglec ted .  Hence 
w = 0. 
From the  con t inu i ty  equa t ion :  
and upon i n t e g r a t i o n  
u = C o n s t a n t l r  
Wi th  the  inner  cy l inder  ro ta t ing  whi le  the  outer  one  i s  a t  rest ,  t h e  
fol lowing boundary condi t ion appl ies :  
u = O  a t  r =  r tJ 
Upon s u b s t i t u t i o n  i n  E q u a t i o n  2 8 ,  i t  fo l lows  tha t  
Constant  = 0. 
It can  be  seen  tha t  on ly  the  t angen t i a l  component  of t he  mean flow is  
present .  With V = V ( r ) ,  t h e  mean v o r t i c i t y  components are: 
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Substituting Equation 29 in to  22, 23 and 24 with the assumption of 
isotropic transport coefficients,  the equations of motion are: 
1. Tangential Component 
0 = "dl U L  r dr 
2.  Radial Component 
-2 
V '  
d(: + F) - v  2 
- 
dr r 
In  Equation (30) ,  u'Lr cannot be zero.  Therefore, 
- 
Upon integration 
z = or 
do = c1 
r dr 
Further integration of Equation 32 gives: 
c 2  v = C1r + - r 
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Taylor  performed an experiment  to  check the above theoret ical  
p red ic t ions .  He  f o u n d  t h a t  f o r  t h e  case where  the  inner   cyl inder  i s  
r o t a t i n g  and t h e  o u t e r  c y l i n d e r  is a t  rest, the  angular  momentum (rV) i s  
p r a c t i c a l l y  c o n s t a n t  i n  t h e  c e n t r a l  p o r t i o n  (83% of  the  annular  space  be-  
tween t h e  c y l i n d e r s )  o f  t h e  f l o w  f i e l d .  I n  t h i s  r e g i o n ,  h e  c o n c l u d e d  t h a t  
the  f low i s  d e f i n i t e l y  o f  t h e  t y p e  p r e d i c t e d  by h i s  t heo ry  because  of t h e  
f a c t  t h a t  it obeys  Equation 32, provided C1 must  be  equal  to  zero.  The 
exper iment  fur ther  showed t h a t  t h e  t h e o r y  i s  n o t  v a l i d  n e a r  t h e  walls so 
t h a t  t h e  u s u a l  n o - s l i p  c o n d i t i o n  w i l l  not  apply i n  the mathematics of t h e  
theory.  
. .  , 
CASE C: FLOW  ANALYSIS  OF THE TURBULENT VORTEX TUBE 
a J E T  \ 
/"- 
Figure  7: Flow . Conf igura t ion  of, the Problem 
35 
This  p rob lem had  been  s tud ied  in t ens ive ly  by  De i s s l e r  and Pe r lmut t e r  (17) 
where  they  d iv ided  the  vor tex  conf igura t ion  in to  two p a r t s ,  namely t h e  
core  and  the  annulus .  In  a vor tex  tube  the  vor tex  i s  usua l ly  gene ra t ed  
by je t s  i n j e c t e d  a t  the   pe r iphe ry   o f   t he   ou te r   cy l inde r .   Fo l lowing   t he i r  
assumption that  V = V(r )  and  tha t  t he  mean f low i s  axisymmetr ic ,  the mean 
v o r t i c i t y  components i n  t h e  r a d i a l  and a x i a l  d i r e c t i o n s  are: 
When t h e  mean v o r t i c i t y  v a l u e s  a r e  s u b s t i t u t e d  i n t o  E q u a t i o n  23, we o b t a i n  
t h e  t a n g e n t i a l  component  of t h e  e q u a t i o n  o f  m o t i o n  f o r  t h i s  p a r t i c u l a r  
case which is: 
2 
dr  d r  r r d r  r 
( 3 4 )  
Mult ip ly ing  both  s ides  of  the  equat ion  by t h e  d e n s i t y  and r e c a l l i n g  t h a t  
u'Lr = e the   k inemat ic   eddy   v i scos i ty ,  we o b t a i n  
-
m y  
Equation 35 i s  the governing equat ion considered by D e i s s l e r  and P e r l m u t t e r  
i n   t he i r   i nves t iga t ion .   Fu r the rmore ,   t hey   cons ide red  p e  a cons t an t .   The i r  m 
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theoretical results agree reasonably well with the experimental data 
obtained by Hartnett and Eckert. (7) 
It appears that the equations of motion for turbulent flow derived 
by the vorticity transport theory are sufficiently general.  An attempt 
w i l l  now be made to apply these equations t o  the study of turbulent 
swir 1 ing f low.  
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VI. GOVERNING EQUATIONS FOR AN INCOMPRESSIBLE: SWIRLING FLOW 
In  axisyrmnet r ic  swir l ing  f lows ,  a l l  t h e  three mean veloci ty  components  
are p r e s e n t  and they  are f u n c t i o n s  of r and z .  The mean v o r t i c i t y  compo- 
n e n t s  are: 
Making t h e  u s u a l  a s s u m p t i o n  o f  i s o t r o p i c  t r a n s p o r t  c o e f f i c i e n t s ,  a n d  
s u b s t i t u t i n g  E q u a t i o n  36 i n t o  E q u a t i o n s  2 2 ,   2 3  and 2 4 ,  t h e  e q u a t i o n s  
o f  mot ion  fo r  t u rbu len t  swi r l ing  f low are obta ined .  
1 .  Radia l  Component 
2, - T a n g e n t i a l  Component 
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3.  Axial Component 
Where: 
v , 2  
P - Q = - - + -  
P 2 
- V I  = ( U t ,  V I ,  w’) 
e e e = t he   k inemat i c   eddy   v i scos i ty   n   t he  
m(r)’ m(8) ’  m(z) 
r a d i a l ,  t a n g e n t i a l  and a x i a l  d i r e c t i o n s .  
In  the  above  equat ions  (as  in  prev ious  der iva t ions)  the  molecular  
v i s c o s i t y  was neg lec t ed  acco rd ing  to  the  f i r s t  a s sumpt ion  of t h e  v o r t i c i t y  
t ransport   theory.   This   assumption is, however,   not  valid  in  regions  where 
m o l e c u l a r  v i s c o s i t y  is  an  impor tan t  fea ture  of  the  f low,  i.e., r eg ions  
near  a sol id   boundary.   Since it  i s  d e s i r e d  t o  i n c l u d e  s u c h  r e g i o n s  i n  
the  p re sen t  i nves t iga t ion ,  t he  equa t ion  o f  mot ion  w i l l  be  modif ied.  
If w e  compare  the  tangent ia l  component of  the  mean tu rbu len t  Navier- 
Stokes equat ion (Equat ion .8) with Equation 38, w e  n o t e  t h a t  t h e  t u r b u l e n t  
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stresses behave  in  a manner similar t o  t h e  l a m i n a r  stresses where the 
eddy v i s c o s i t y  r e p l a c e s  t h e  m o l e c u l a r  v i s c o s i t y .  T h i s  shows t h a t  f o r  t h e  
t a n g e n t i a l  component  of t h e  m o t i o n  e q u a t i o n ,  t h e  f i c t i t i o u s  " l a m i n a r  flow1' 
concept  of  turbulent  motion gives  a one to  one correspondence with an 
incompress ib l e  l amina r  f low.  Th i s  f ac t  has  been  po in ted  ou t  f i r s t  by 
E i n s t e i n  and Li. (16) 
S i n c e  t h e  t a n g e n t i a l  component  of the above turbulent  f low equat ions 
has  been  der ived  independent  of  the  assumpt ion  tha t  the  shear ing  stress 
is p r o p o r t i o n a l  t o  t h e  d e f o r m a t i o n  t e n s o r ,  t h e r e  is  no r e s t r i c t i o n  as t o  
t h e  n a t u r e  of the eddy viscosi ty .  Comparison with the same component 
of  the  laminar  Navier -S tokes  equat ion  sugges ts  tha t  a tu rbu len t  f l ow 
wi th   cons t an t   eddy   v i scos i ty   behaves   l i ke  a laminar  f low. However, i n  
t u rbu len t  swi r l ing  f low,  the  eddy  v i scos i ty  may be a s t rong  func t ion  of 
the  f low f i e ld ,  and  in  th i s  i nves t iga t ion  the  func t ion  fo rm w i l l  be 
eva lua ted  us ing  von  Karman 's  s imi la r i ty  theory .  
The  above  arguments serve t o  j u s t i f y  t h e  common c o n c e p t  t h a t  i f  i t  
i s  d e s i r e d  t o  i n c l u d e  t h e  m o l e c u l a r  d i f f u s i o n  i n  t h e  t u r b u l e n t  e q u a t i o n s ,  
t he  eddy  and  molecu la r  v i scos i t i e s  are a d d i t i v e .  
The t a n g e n t i a l  component of the equation of motion considering 
m o l e c u l a r  d i f f u s i o n  c a n  t h e r e f o r e  b e  w r i t t e n  as: 
+ $ )  
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T u r b u l e n c c  n e a r  a s o l i d  b o u n d a r y  is suppressed  and  the  f low tends  to  
become l amina r .  Ths  usua l  no - s l ip  cond i t ion  a t  t h e  wall  can  now be  app l i ed  
i n  t h e  i n t e g r a t i o n  o f  t h e  a b o v e  e q u a t i o n .  However we w i l l  f i r s t  non- 
d imens iona l ize  the  equat ions  and  per form an  order  of  magni tude analysis .  
L e t  
u = u u o  
w = w w o  
v = v v o  
* 
* 
* 
r = r r  
* 
0 
* 
z =  z z  
0 
where a l l  values w i t h  a s t e r i s k s  a r e  d i m e n s i o n l e s s  and of  order  un i ty  and 
those   w i th   subsc r ip t  o are r e f e r e n c e  q u a n t i t i e s .  In swir l ing   f low,   the  
a x i a l  and t a n g e n t i a l  v e l o c i t i e s  a r e  i n  gene ra l  p reva len t  s o  t h a t :  
w e  n o t e  t h a t  t h e  a x i a l  
wo = O(1) 
vo = O(1)  
I n  cons ide r ing  the  ax ia l  change  o f  W ,  v e l o c i t y  
p r o f i l e  c h a n g e s  o n l y  s l i g h t l y  o v e r  a x i a l  d i s t a n c e s  s i n c e  t h e  a v e r a g e  v a l u e  
o f   t h e   a x i a l   v e l o c i t y  is  a cons t an t .   The re fo re ,   w i th  
r = O ( 1 )  
0 
z 0 = 016) 
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Equation 41 shows t h a t  W i s  a weak f u n c t i o n  of z so t h a t :  
- 
ar 
aw > >  
To de te rmine  the  o rde r  of magnitude of U ,  w e  c o n s i d e r  t h e  c o n t i n u i t y  
equat ion:  
I n t e g r a t i n g  t h i s  e q u a t i o n  and using the boundary condi t ion,  
u = 0 a t  r = 0, we have: 
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Hence, 
uO 
= o ( 0  SO t h a t :  
u < <  w 
u < <  v 
(44) 
Next we compare the change of V w i t h  r e s p e c t  t o  z t o  t h a t  of W w i t h  r e s p e c t  
t o  z .  I n  s w i r l i n g  f l o w ,  t h e  t a n g e n t i a l  v e l o c i t y  d e c r e a s e s  u n i f o r m l y  t o  
ze ro  whereas  the  ax ia l  ve loc i ty  is unchanged  on the  average .  It is t h e r e -  
f o r e   b e l i e v d   t h a t t h e  term - i n   t h e   t a n -  is more important than 
g e n t i a l  component  of t h e  e q u a t i o n  of motion.  This  opinion i s  a l so  sha red  
-by Krei th  and Sonju (21) who have  neglec ted  - i n  t h e i r  s w i r l i n g  f l o w  
a n a l y s i s .  
aw 
aZ 
aZ 
Applying the same o r d e r  o f  m a g n i t u d e  a n a l y s i s  t o  a l l  t h e  e q u a t i o n s  of 
motion and neglecting terms of  order  E we have: 
1. 
2. 
R a d i a l  Component 
-2 
z(; a P  + $)  = V2 
Tangent-Lal Component 
(45) 
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3 .  Axial Component 
Equation ( 4 6 ) ,  a l s o  known as t h e  "swirl equat ion,"  w i l l  b e  u s e d  t o  p r e d i c t  
the  decay  of  angular  momentum i n  t h e  ax ia l  d i r e c t i o n .  The a x i a l  v e l o c i t y  
W w i l l  be  cons idered  as a func t ion  of  r only and i t s  a v e r a g e  p r o f i l e  w i l l  
be evaluated from experimental  measurements a t  d i f f e r e n t  downstream 
p o s i t i o n s .  
The swirl equa t ion  i s  non-dimensionalized as fol lows:  
w = wmw * 
* 
r =  r r  
W 
v = wmv * 
f 
z =  r z  
W 
where : 
Wm = Maximum a x i a l  v e l o c i t y  o f  t h e  f u l l y  d e v e l o p e d  p r o f i l e  
r = p i p e   r a d i u s  
W 
L, = KiAematic m o l e c u l a r   v i s c o s i t y  
Ef fec t ing  the  t r ans fo rma t ion ,  t he  d imens ion le s s  swirl equat ion  is: 
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'mrw wi th  NRe = - v y  t h e  axial  Reynold 's  Number.  The a s t e r i s k s  c a n  b e  
omit ted in  the above equat ion with a conven t ion  tha t  a l l  v a r i a b l e s  are 
dimensionless .  
I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  i t  i s  necessary  t9 go as f a r  as 100 r a d i i  
downstream.  Taking t h i s  as a r e f e r e n c e  v a l u e  f o r  z ,  we n o t e  t h a t  - is of 
order  1/100  and 'a2' 7 of   t he   o rde r  l / l O O o O .  The la t ter  i s  small enough t h a t  
i t  can   be   neg lec t ed   i n   t he   p re sen t   i nves t iga t ion .   Fu r the rmore ,   Kre i th   and  
Son ju  ( lo )  po in t ed  ou t  t ha t  i n  tu rbu len t  f l ow,  one  can  sa fe ly  assume t h e  
term e - a2v t o  b e  n e g l i g i b l e  compared with W x. Thus,  the swirl equa- 
t i o n  f i n a l l y  becomes 
av 
a z  
aZ 
a V  
m(8)az2 
Equation 49 has been solved by Krei th  and Sonju'") with the assumption 
t h a t  t h e  e d d y  v i s c o s i t y  i s  independent  of  the  rad ia l  and  ax ia l  d i s tance ,  
being a func t ion  on ly  of t h e  a x i a l  R e y n o l d ' s  number. In  the  fo l lowing  
c h a p t e r ,  t h e  eddy v i s c o s i t y  f u n c t i o n  w i l l  be derived using von Karman's 
s imi l a r i t y  theo ry  fo r  t u rbu len t  f l ow ex tended  to  a cy l indr ica l  geometry .  
The s u b s c r i p t  8 o f  t h e  e d d y  v i s c o s i t y  r o t a t i o n  i n  t h e  s w i r l  equa t ion  w i l l  
be  dropped with a conven t ion  tha t  hence fo r th ,  em a p p l i e s  t o  t h e  swirl equat ion .  
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V I I .  SIMILARITY  CONDITIONS FOR TURBULENT ROTATING AND SWIRLING FIIlWS 
A .  THE INSTANTANEOUS VORTICITY EQUATION 
I f  w e  neg lec t  mo lecu la r  v i scos i ty ,  t he  equa t ion  o f  mot ion  is: 
T O  d e r i v e  t h e  v o r t i c i t y  e q u a t i o n  we t a k e  t h e  c u r l  of b o t h  s i d e s  o f  
Equation 50 and obtain:  
G - + (1 * v > g  - <p *p>1 + g v .  1) + g v -  I) = 0 a t  
(51) 
Since   fo r   an   i ncompress ib l e   f l u id  v 1 = 0,and v. = 17 ( v x l )  E 0 
Equa t ion  51  fu r the r  becomes 
asl - + (1 -V)g - (Q .V)y = 0 a t  
Equation 52 i n  p o l a r  c y l i n d r i c a l  c o o r d i n a t e s  is: 
1. R a d i a l  Component 
aU - UzZ = 0 
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2. Tangential Component 
av - %az - - r = 0 ( 5 4 )  
3. Axial Component 
L O  ( 5 5 )  
Where  the instantaneoue  quantities 
B e  SPiILARITY  CONDITIONS FOR  FULLY  TURBULENT ROTATING FLOWS 
1, Mathematical Analysis 
For  a  fully  turbulent  rotating flow the  mean  velocities in the  radial 
and  axial  direction8  are  not  prerent  while  all  the  fluctuating  flow  compo- 
nents  are preeent. The instantaneous  velocity  vector  has,  therefore,  the 
following  components: 
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= (u', v + v', w') (56) 
With v = V(r) and  assuming  the  mean  flow  as  axially  symmetric  one  obtains: 
7 - / =  0 
for  the  mean  vorticity  components,and  the  instantaneous  vorticity  vector is 
Substituting  Equations 5 6  and 57 into  Equations 5 3 ,   5 4  and 55 we 
obtain  the  following  equations: 
(a) Radial  Component 
(b) Tangential Component 
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( c )  Axial Component 
Consider a t u r b u l e n t  r o t a t i n g  f i e l d  as shown i n  F i g u r e  8 and choose 
any  point  P ( r o ,  eo, z ) as a po in t   o f   r e f e rence ,   Fo l lowing  von  Karman's 
concep t   o f   t he   s imi l a r i t y   t heo ry  it i s  assumed tha t :   1 )   In   o rde r  for t h e  
t u r b u l e n t  d i s t u r b a n c e s  t o  c o r r e l a t e  a t  two d i f f e r e n t  p o i n t s ,  t h e  f i e l d  
of f low that  must  be considered is  r e s t r i c t e d  t o  t h e  immediate neighbor- 
hood  of t h e  r e f e r e n c e  p o i n t  P .  2) In  the  ne ighborhood of  the  re ference  
p o i n t ,  t h e  flow p a t t e r n s  are similar, i . e . ,  t hey  d i f f e r  on ly  f rom po in t  
t o  p o i n t  i n  t h e  scale of l eng th  and  ve loc i ty .  3) The  frame  of  reference 
i s  moving w i t h  t h e  mean v e l o c i t y  a t  p o i n t  P and t h a t  t h e  t u r b u l e n t  d i s -  
t u rbances  in  the  immedia t e  ne ighbor ing  po in t s  a round  i t  are t r anspor t ed  
by t h e  mean flow. Also, s i n c e  we are   consider ing  only  the  immediate  
0 
d(rV),  d(dV/dr + V / r >  and d o ,  we neighborhood of Poin t  P, f o r  d r   d r   d r  
t a k e  t h e i r  v a l u e s  a t  po in t  P w h i l e  f o r  V / r ,  we t a k e  t h e  f i r s t  term o f  
the  Taylor  expans ion  about  po in t  P ,  namely 
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Figure  8: Turbu len t  Ro ta t ing  F ie ld  i n  a C y l i n d r i c a l  Geometry 
Also t h e  r a d i a l  c o o r d i n a t e  c a n  b e  r e p r e s e n t e d  by 
1 
r r + . . . , . . . . . . . . . . . . . , , a d  
0 0 3 
following assumption 2 ,  
L = l ength  scale 
A = v e l o c i t y   s c a l e .  
Also l e t  t h e  v a r i a b l e s  w i t h  a s t e r i s k ,  t h a t  are o f  o rde r  un i ty ,  r ep resen t  t he  
s imi l a r i t y   pa rame te r s   i n   t he   t u rbu len t   f l ow  f i e ld .   The   s imi l a r i t y   a s sumpt ion  
r 
Hence, 
a=* 1 
a Z = L  - = A  at* at  L 
Substituting the above re lat ions  into  Equations 58, 59 and 60, we 
obtain: 
(a) Radial Component 
- r  a?* + I *  3f2 + *e a y  
ae* 
+ w '  * 
ar* a e* aZ 
(b)  Tangential Component 
+ & + u  '* a + w1 *aTI'* * a+* '* aT)I* * + v  at* ar ae* &* - f '  ar* 
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(c) Axial Component 
Equations 62,  63 and 64 are independent of the position of the reference 
point P. This implies  that  the fol lowing coeff ic ients  in the above equations 
must be constants: 
(a ' )  - =  Constant r 
0 
= Constant 
0 
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(") x [ d r  " k )  L a  = Constant 
0 
The r e f e r e n c e  p o i n t  P can  be  anywhere  in  the  f ie ld  so t h a t  t h e  s u b s c r i p t  
o can be omit ted in  Equat ion 6 5 .  The  above  r e l a t ions  y i e ld  the  fo l lowing  
s i m i l a r i t y  c o n d i t i o n s :  
( 1) L = K r (us ing   a )  
I 
1 
dv V " -  -
(2) 
d r  r (from b '  and dl)  
L =  d r  * r (from c '  and   d ' )  ( 6 6 )  
A = K,L($ - :) 
A = K , L ( Z  + f )  
(using b ') 
(us ing  c I )  
53 
2.  Discuss ions  
It s h o u l d  b e  n o t e d  t h a t  d i f f e r e n t  e x p r e s s i o n s  d e f i n e  t h e  l e n g t h  a n d  
v e l o c i t y  scales in  the  f low f i e ld .  These  cond i t ions  mus t  be  s imul t aneous ly  
s a t i s f i e d  i n  e v e r y  p o i n t  of t h e  f i e l d  g i v i n g  rise t o  a fami ly  of  un iversa l  
v e l o c i t y  p r o f i l e s .  It is a l so  ev iden t  f rom the  above  cond i t ions  tha t  more 
t h a n  o n e  v e l o c i t y  p r o f i l e  t h a t  s a t i s f i e s  t h e  s i m i l a r i t y  c o n d i t i o n s  c a n  
e x i s t  i n  d i f f e r e n t  r o t a t i n g  f l o w  p r o b l e m s .  T h i s  f a c t  i s  suppor ted   by   ac tua l  
e x p e r i m e n t a t i o n  p a r t i c u l a r l y  t h a t  o f  G .  I .  Tay lo r ,  ( 7 ) '  (32) who repor t ed  two 
v e r y  d i f f e r e n t  v e l o c i t y  p r o f i l e s  i n  t h e  f i e l d  d e p e n d i n g  on which of the 
c o n c e n t r i c  c y l i n d e r s  was r o t a t e d .  T h i s  p a r t i c u l a r  a s p e c t  w i l l  be  d iscussed  
f u r t h e r  i n  a l a t te r  p a r t  o f  t h i s  r e p o r t .  
The s i m i l a r i t y  c o n d i t i o n s  c a n  e n a b l e  us to  ge t  an  unders tanding  of t h e  
t u r b u l e n t  mechamism i n  r o t a t i n g  f i e l d s .  From Equat ion   61 ,   the   t angent ia l  
component  of t h e  f l u c t u a t i n g  v e l o c i t y  f i e l d  is 
( V I 1  = I A V I * (  (VI* is  of   o rder   un i ty)  
T a k i n g  t h e  4 t h  s i m i l a r i t y  c o n d i t i o n  and s u b s t i t u t e  i t  i n t o  t h e  above 
equat ion  we have 
or  
where the mixing length i s  taken as Lm 
54 
I f  we s u b s t i t u t e  t h e  5 t h  s i m i l a r i t y  c o n d i t i o n  and fol lowing the same 
arguement, we have 
Wi th  the  usua l  concep t  o f  the mixing  length ,  i t  appea r s  t ha t  bo th  angu la r  
momentum and angular  ve loc i ty  are t r a n s p o r t a b l e  q u a n t i t i e s  w i t h i n  t h e  
f i e l d ,  T h e  e s t a b l i s h m e n t  o f  t h e  f l u c t u a t i n g  v e l o c i t y  f i e l d  c a n  t h e r e f o r e  
b e  d u e  t o  t h e  t r a n s p o r t  of e i t h e r  o r  b o t h  o f  t h e s e  q u a n t i t i e s .  
Pas t  expe r imen ta l  s tud ie s  of r o t a t i n g  .and s w i r l i n g  f l o w s  i n  p i p e s  
reveal a reg ion  of  predominant ly  so l id  body ro ta t ion  near . the  center  of  
t h e  p i p e .  The r a t e  of i n c r e a s e  o f  t h e  t a n g e n t i a l  v e l o c i t y  w i t h  r a d i u s  
d e c r e a s e s  c o n t i n u o u s l y  u n t i l  a maximum v e l o c i t y  is  r eached ,  The rea f t e r  
t h e   t a n g e n t i a l   v e l o c i t y   d e c r e a s e s   w i t h   r a d i u s  as r where 
.5 < m 5 1 (m = 1 c o r r e s p o n d s  t o  i r r o t a t i o n a l  f l o w ) .  
-m 
It i s  the re fo re  obv ious  tha t  a t r a n s i t i o n  from r o t a t i o n a l  t o  
i r r o t a t i o n a l  f l o w  is  t a k i n g  p l a c e  i n  t h e  f l o w  f i e l d .  F i g u r e  9 shows a 
t a n g e n t i a l  v e l o c i t y  p r o f i l e  i n  a v o r t e x  t u b e  a t  a p o i n t  j u s t  a few d i a -  
meters downstream from t h e  p o i n t  o f  S w i r l  gene ra t ion  as r epor t ed  by 
Har tne t t  and  Ecker t  . (18) G .  I. Taylor (7)  as well  as Wattendorf ("1 a l s o  
g i v e  e v i d e n c e  o f  t h i s  t r a n s i t i o n  i n  t u r b u l e n t  r o t a t i n g  a n d  c u r v e d  f l o w  
f i e l d s .  
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FIGURE 9. RADIAL DISTRIBUTION OF TANGENTIAL  VELOCITY  IN A 
VORTEX TUBE. AFTER HARTNETT AND ECKERT ( la ) '  
A similar t r a n s i t i o n  t a k e s  p l a c e  i n  s w i r l i n g  f l o w .  E .  R .  Hoffman  and 
P. N. Joubert  (38) r epor t ed  a comparison of  laminar  and turbulent  veloci ty  
p r o f i l e s  f o r  s u c h  f l o w s .  It a p p e a r s  t h a t  t h e  t u r b u l e n t  p r o f i l e  d e v i a t e d  
more  from the  l amina r  one  in  the  ou te r  r eg ion .  Th i s  is probably  due  to  the  
f a c t  t h a t  in t h i s  r e g i o n  the r a t i o  of t u r b u l e n t  t o  l a m i n a r  t r a n s p o r t  c o e f f i c -  
i e n t  is  h i g h e r  t h a n  n e a r  t h e  c e n t r a l  r e g i o n .  
The presence of a p redominan t ly  i r ro t a t iona l  f l ow in  the  tu rbu len t  
ro t a t ing  f i e ld  can  p rov ide  an  exp lana t ion  as t o  why T a y l o r ' s  v o r t i c i t y  
t r a n s p o r t  t h e o r y  y i e l d s  c o n s i s t e n t  r e s u l t s .  I n  a region which has  a 
p redominan t ly  i r ro t a t iona l  behav io r  t he  mean v o r t i c i t y  i s  very  small. 
With th i s  cond i t ion ,  Tay lo r ' s  a s sumpt ion  in  h i s  mod i f i ed  theo ry  i s  more 
n e a r l y  s a t i s f i e d ,  namely I t a  lump o f  f l u i d  i s  conce ived  to  leave  a c e r t a i n  
pos i t i on  wi th  the  componen t s  o f  vo r t i c i ty  of t h e  mean f low and  to  r e t a in  
these components till it mixes wi th  i t s  su r round ings  a f t e r  t r ave r s ing  
the mixing length .I' 
3 .  Family  of S i m i l a r  V e l o c i t y   P r o f i l e s   f o r   T u r b u l e n t   R o t a t i n g  Flow 
S ince  the  cond i t ions  g iven  in  Equa t ion  66 must  be  sa t i s f ied  s imul-  
t a n e o u s l y  i n  o r d e r  f o r  s i m i l a r i t y  t o  h o l d ,  a f a m i l y  of  s i m i l a r  v e l o c i t y  
p ro f i l e s  can  be  gene ra t ed .  The  form  depends  upon  the  presence  or  absence 
o f  t h e  r a d i a l  g r a d i e n t  o f  t h e  a x i a l  component of  the  mean v o r t i c i t y ,  - 4 d r  ' 
I f  w e  equate  condi t ions  (1) and (2) i n  Equa t ion  66 w e  ob ta in :  
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K2 L e t t i n g  N = - y i e l d s :  
Equation 69 is  E u l e r ' s  e q u a t i o n ,  t h e  s o l u t i o n  of which i s  
h l  h2 
V = C r   + C 2 r  1 f o r  h l  f h2 
o r  
h l  
V = (C3 + C41nr)r  for  hl  = h2 
Where C1 t o  C4 are c o n s t a n t s  of i n t e g r a t i o n  and h  a r e   t h e   r o o t s  of 
t h e  c h a r a c t e r i s t i c  e q u a t i o n  
1' 2 
h2 - Nh + (N - 1) = 0 
The r o o t s  of Equation 7 1  are: 
hl  = 1 and h2 = N - 1. 
Thus, i f  w e  s u b s t i t u t e  t h e  v a l u e s  of  h and  hp i n  E q u a t i o n  70,  t he  f ami ly  
of similar v e l o c i t y  p r o f i l e s  r e s u l t i n g  from condi t ions (1) and (2) i s  
1 
N -  1 
V = C l r  f C r  2 f o r  0 5~ f 2 
o r  
V = C 3 r  + C 4 r ( l n r )   f o r  N = 2 
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Equa t ing  cond i t ions  (1) and  (3) i n  Equa t ion  66, t h e  r e s u l t i n g  
d i f f e r e n t i a l  e q u a t i o n  is: 
dv 1 
r (7 3-a) 
L e t t i n g  M = - and  in t eg ra t ing  the  above  equa t ion  we obta in  another  form 
of the  f ami ly  o f  similar v e l o c i t y  p r o f i l e s .  
K1 
where C5 and C 6  are c o n s t a n t s  o f  i n t e g r a t i o n .  
S i m i l a r l y ,  t a k i n g  c o n d i t i o n s  (2) and (3) we obta in :  
(73-b) 
(74-a) 
Here u n l i k e  t h e  p r e v i o u s  two c a s e s ,  t h e  r a d i a l  g r a d i e n t  o f  t h e  a x i a l  
v o r t i c i t y  component  d(/dr does no t   appea r .   Pu t t ing  S = - a n d  i n t e g r a t i n g  
t h e  a b o v e  d i f f e r e n t i a l  e q u a t i o n ,  we ob ta in  the  fo l lowing  f ami ly  o f  s imi l a r  
K2 
v e l o c i t y  p r o f i l e s :  
V = C 7 r  ( S  + 1 ) / ( S  - 1) 
where C is  a c o n s t a n t  of i n t e g r a t i o n .  7 
(74-b) 
A l l  t h e  t h r e e  forms of similar v e l o c i t y  p r o f i l e s  d e r i v e d  a b o v e  i n c l u d e  
t h e  i r r o t a t i o n a l  p r o f i l e  (V = C o n s t a n t / r )  t h a t  was observed experimental ly  
by G .  I. Taylor .  To  t h i s  e n d ,  t h e  v a l u e  o f  o n e  c o n s t a n t  o f  i n t e g r a t i o n  i n  
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Equat ions  72 and 73 m u s t  b e  a s s u m e d  a r b i t r a r i l y  t o  b e  z e r o  as was a l s o  
done  by  Taylor  himself.   Equations 72 and 73 i n c l u d e  a l s o  t h e  velocity 
p r o f i l e  t h a t  was p r e d i c t e d  b y  T a y l o r ' s  v o r t i c i t y  t r a n s p o r t  t h e o r y  
(V = K P  + r). K; 
F o r   a n   i r r o t a t i o n a l  mean flow, i s  absen t  so t h a t   t h i s   t y p e  of flow d r  
s h o u l d  f a l l  i n t o  t h e  f a m i l y  of similar ve loc i ty  p ro f i l e s  g iven  by  Equa t ion  
74 w i t h  t h e  s i m i l a r i t y  c o n s t a n t  S equal   to   zero .   Fur thermore ,   no   a rb i t ra ry  
assumption as t o  t h e  v a l u e  o f  t h e  c o n s t a n t  o f  i n t e g r a t i o n  i s  made he re .  
I n  t h e  c a s e  o f  a p u r e  r o t a t i o n a l  mean flow where 4 is a l s o  a b s e n t ,  t h e  
va lue  of t h e  s i m i l a r i t y  c o n s t a n t  S in  Equat ion  74 is  p lus  o r  minus  in -  
f i n i t y .  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  f o r  b o t h  t y p e s  o f  mean f low  (pure 
r o t a t i o n a l  and i r r o t a t i o n a l ) ,  some o f  t he  s imi l a r i t y  cond i t ions  in  Equa t ion  
66 are inde termina te   due   to   the   vanish ing   of   For   example :  
d r  
d r  ' 
F o r  i r r o t a t i o n a l  mean flow, V = Cons tan t / r .  
Cons tan t  Constant + 
r r d r  2 2 
= o  
There fo re ,  
Hence t h e  t h i r d  s i m i l a r i t y  c o n d i t i o n  becomes 
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which is  inde te rmina te .   Fo r   pu re   ro t a t iona l   f l ow,   t he   s econd   s imi l a r i t y  
c o n d i t i o n  becomes inde termina te .  Due to  th i s  i nde te rminacy  o f  one  o f  t he  
s i m i l a r i t y  c o n d i t i o n s  t h e  a s s u m p t i o n  t h a t  a l l  s i m i l a r i t y  c o n d i t i o n s  are 
s i m u l t a n e o u s l y  s a t i s f i e d  i n  t h e  f l o w  f i e l d  no longer   holds .  From Equat ion 
65 i t  f o l l o w s   t h a t   i f  $ = 0, t h e   c o e f f i c i e n t   l i s t e d   i n  (d ' )  is  non- 
e x i s t e n t .  It is b e l i e v e d  t h a t  t h e  s i m i l a r i t y  c o n c e p t  is  s t i l l  v a l i d  f o r  
p u r e  r o t a t i o n a l  and i r r o t a t i o n a l  c a s e s  f o r  which a new set o f  s i m i l a r i t y  
c o n s t a n t  r e s u l t s .  
As was poin ted  out  ear l ier ,  t h e r e  is  a g r a d u a l  t r a n s i t i o n  f r o m  
r o t a t i o n a l  t o  i r r o t a t i o n a l  b e h a v i o r  i n  a c o n f i n e d  r o t a t i n g  f l o w  f i e l d .  
Due t o  t h i s  phenomenon it  is  b e l i e v e d  t h a t  a t  d i f f e r e n t  r e g i o n s  o f  t h e  
f low,   different   forms  of  similar v e l o c i t y  p r o f i l e s  c a n  e x i s t .  The  form 
of similar v e l o c i t y  p r o f i l e s  n e a r  t h e  a x i s  i s  given by Equation 74. I n  
the   i n t e rmed ia t e   r eg ion   where  i s  p r e s e n t   h e   v e l o c i t y   p r o f i l e  may be  
given  by  Equation 7 2  or  7 3 ,  and a l s o  74 i f   t h e   t r a n s i t i o n   t o   i r r o t a t i o n a l  
flow is complete.  
d r  
The r eg ion  nea r  t he  p i p e  wal l  r e q u i r e s  s p e c i a l  c o n s i d e r a t i o n .  Here, 
t h e  s i m i l a r i t y  h y p o t h e s i s  i s  n o t  v a l i d ,  and the  mixing  length  w i l l  be  taken  
as p r o p o r t i o n a l  t o  t h e  d i s t a n c e  f r o m  t h e  wall  , namely 
L = k l ( l  - r) (75) 
This  assumption is a n a l o g o u s  t o  P r a n d t l ' s  t r e a t m e n t  o f  p a r a l l e l  flows i n  
channels .  
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The ex ten t  o f  t h i s  r eg ion  where  the  above  a rgumen t  app l i e s  w i l l  b e  
d i s c u s s e d  i n  S e c t i o n  C ,  P a r t  2 o f  t h i s  c h a p t e r .  
W h i l e  t h i s  i n v e s t i g a t i o n  was s t i l l  i n  p r o g r e s s ,  R .  B .  Kinney 
p u b l i s h e d  t h e  r e s u l t s  o f  h i s  i n v e s t i g a t i o n  c o n c e r n i n g  s i m i l a r i t y  i n  a 
f u l l y  t u r b u l e n t  r o t a t i n g  p l a n e  f l o w .  H e  extended von Karman's  s imilar i ty  
t h e o r y  t o  a cy l ind r i ca l  geomet ry  fo r  t he  sa id  type  o f  f low us ing  the  same 
concepts  as  cons idered   here .  However, t h e   s i m i l a r i t y   c o n d i t i o n s ,  number 
(3) and (5) in  Equa t ion  66, were no t  r evea led  because  o f  h i s  cons ide ra t ion  
of a two-d imens iona l  f l uc tua t ing  f low f i e ld  on ly .  He eva lua ted  a u n i v e r s a l  
cons t an t  fo r  t he  f low based  on the  expe r imen ta l  da t a  o f  G .  I. Taylor .  
(20)  
4 .  Shear ing   S t ress   and  Eddy D i f f u s i v i t y   E x p r e s s i o n s  
The  turbulen t  shear ing  stress c a n  b e  w r i t t e n  i n  terms o f  t h e  c o r r e l a t i o n  
between  the  f luctuat ing  veloci ty   components .   Thus,  
I n  terms o f  t h e  s i m i l a r i t y  v a r i a b l e s  d e f i n e d  i n  E q u a t i o n  6 1  t h e  above 
equa t ion  can  a l so  be  wr i t t en  as  
= - pA 2 v c v j  I*  
i j  
Since V I *  are o f  o rde r  un i ty  it c a n  b e  i n f e r r e d  t h a t  i 
2 
T i j  f 'PA o r  
= (Cons tan t )  PA 2 
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From dimens iona l   ana lys i s ,   the   k inemat ic   eddy   v i scos i ty ,  e can  be m' 
expressed as 
where al is a cons t an t .  
Upon s u b s t i t u t i o n  o f  E q u a t i o n  77 in to  Equat ion  7 8  and s implifying,  
we have 
e = 2 Q L O A  ( t h e  + o r  - s i g n   a s s u r e s  e m m (79) 
t o  b e  a l w a y s  p o s i t i v e . )  
I f  t h e  f o u r t h  s i m i l a r i t y  c o n d i t i o n  i s  s u b s t i t u t e d  i n t o  E q u a t i o n  77  and 
79, t he  shea r ing  stress and t h e  eddy v i scos i ty  can  be  expres sed  in  terms 
of t h e   s h e a r   v e l o c i t y .  We o b t a i n  
\ 2  
(Tre) Sh = (Constant)  l m P e L  2 3  ( d r  - :) 
and 
e = (Constant)  m 1 
Combining these  two expres s ions  we ge t :  
(80-a) 
(80-b) 
( 80-C) 
S i m i l a r l y ,  s u b s t i t u t i n g  t h e  f i f t h  s i m i l a r i t y  c o n d i t i o n  f r o m  E q u a t i o n  66 
i n to  Equa t ions  77 and  79 we o b t a i n  t h e  s h e a r i n g  stress i n  terms o f  t h e  mean 
r o t a t i o n  of the  f low.  
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Hence, 
and 
= (Constant)2 p L 2 d v  ( T r e ) r o t  (z + :) 
e m = (Constant)  2 L* (s + :) 
The  above  mathematical  resul ts  sugges t  t ha t  t he  shea r ing  s t ? : e s s  is 
t u r b u l e n t  r o t a t i n g  f l o w  arises d u e  t o  t r a n s p o r t  of a n g u l a r  v e l o c i t y  as w e l l  
as angular  momentum. It shou ld  be  po in ted  ou t  he re  tha t  t he  wide ly  used  
h y p o t h e s i s  t h a t  t h e  t u r b u l e n t  s h e a r  c a n  b e  w r i t t e n  a s  a product  of  a t r a n s -  
p o r t  c o e f f i c i e n t  and t h e  s h e a r  v e l o c i t y  ( a s  i s  the  case  in  laminar  f low)  
is n o t  s u f f i c i e n t l y  g e n e r a l .  
P r a n d t l ' s  momentum t r a n s p o r t  t h e o r y  on t h e  o t h e r  h a n d ,  s u g g e s t s  t h a t  
i n  r o t a t i n g  f l o w s  t h e  t u r b u l e n t  s h e a r  s h o u l d  b e  c o n s i d e r e d  as a product  of  
a t r a n s p o r t  c o e f f i c i e n t  and t h e  mean r o t a t i o n .  The p r e s e n t  a n a l y s i s  s e r v e s  
t o  u n i f y  t h e  a.bove c o n f l i c t i n g  c o n c e p t s  by  r educ ing  them to  spec ia l  ca ses  
of a more g e n e r a l  r e s u l t .  
If we assume t h a t  t h e  s t r e s s  g e n e r a t e d  by the  t r anspor t  o f  each  
p rope r ty  i s  a d d i t i v e ,  t h e  t o t a l  s h e a r i n g  stress f o r  r o t a t i n g  f l o w  becomes: 
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I 
- .  
o r  
And using Equat ion 74 we ge t :  
T = p L2 (Constant)  ( 2 - f ) r e  d r  
or  us ing  Equat ion  80-b 
where 
2 
With the use of t h e  same arguments as above ,  t he  to t a l  shea r ing  stress 
can  a l so  be  expres sed  in  terms of  t h e  mean r o t a t i o n .  We obta in :  
where 
e = (Constant)  L2 ( 2 + m(rot )  
And using Equation 74-a we c a n  a l s o  w r i t e :  
e = (Constant)  L m(rot)  
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These  fo rmula t ions  o f  t he  shea r ing  stress have been used by previous 
i n v e s t i g a t o r s  as mentioned earlier.  Hoffman  and J o u b e r t ,  (39) f o r  example, 
used Equat ion 84. Kassner (I2) der ived  Equat ion  83 by cons ider ing  a p l ane  
r o t a t i n g  s y s t e m  o f  c o o r d i n a t e s  w i t h  t h e  a s s u m p t i o n  t h a t  t h e  f l u i d  p a r t i c l e s  
are under  the  inf luence  of  d 'h lember t  forces .  Ragsdale  (I3) used  the  same 
e q u a t i o n   f o r   h i s   v o r t i c a l   f l o w   i n v e s t i g a t i o n s  and Deissler and Perlmutter (17) 
a l s o  u s e d  t h e  same formula t ion  (Equat ion  83) f o r  t h e i r  a n a l y s i s  o f  t h e  v o r -  
tex t u b e .   I n v e s t i g a t o r s  who u s e d   e i t h e r   e x p r e s s i o n   f o r   t h e   s h e a r i n g  stress 
have  r epor t ed  ag reemen t  o f  t heo re t i ca l  and  expe r imen ta l  r e su l t s  i n  the i r  
problems. 
T h i s  is c o n s i s t e n t  w i t h  o u r  p r e v i o u s  f i n d i n g  t h a t  t h e  t u r b u l e n t  s h e a r  
is p r o p o r t i o n a l  t o  t h e  mean r o t a t i o n  as well as t o  t h e  mean s h e a r  v e l o c i t y ,  
t hus  exp la in ing  the  appa ren t  con t r ad ic t ion  be tween  the  two hypotheses ,  
C.  SIMILARITY  CONDITIONS AND EDDY DIFFUSIVITY EXPRESSION FOR FULLY 
TURBULENT SWIRLING FLOWS 
1. S i m i l a r i t y   C o n d i t i o n s  
I n  t u r b u l e n t  s w i r l i n g  f l o w s ,  t h e  mean t a n g e n t i a l  v e l o c i t y  i s  a 
f u n c t i o n  o f  t h e  r a d i u s  a n d  t h e  a x i a l  d i s t a n c e .  I n  a p p l y i n g  t h e  s i m i l a r i t y  
c o n c e p t s  f o r  t h i s  t y p e  o f  f l o w ,  t h e  a x i a l  mean v e l o c i t y  w i l l  be  cons idered  
cons t an t  and t h e  mean r a d i a l  v e l o c i t y  w i l l  be  meglected.   These  assumptions 
are made t o  s i m p l i f y  t h e  m a t h e m a t i c a l  a n a l y s i s  as wel l  as t h e  p h y s i c a l  
i n t e r p r e t a t i o n  o f  t h e  r e su l t s .  
I f  w e  use  the  mathemat ica l  p rocedure  descr ibed  in  Sec t ion  B,  and 
include the changes descr ibed above,  we o b t a i n  t h e  same set of s i m i l a r i t y  
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c o n d i t i o n s  l i s t e d  i n  E q u a t i o n  66 and  a l so  two a d d i t i o n a l  c o n d i t i o n s .  
The s i m i l a r i t y  c o n d i t i o n s  f o r  s w i r l i n g  f l o w  a r e :  
1. 
2. 
3 .  
4 .  
5 .  
6. 
7. 
I n  e s t a b  
L = Klr  
l i s h i n g  t h e  a b o v e  c o n d i t i o n s ,  t h e  r a d i a l  and ax ia l  change  of 
were neglected.  av 
The  seven th  s imi l a r i t y  cond i t ion  shows t h a t  t h e  a x i a l  g r a d i e n t  o f  
angular  momentum g e n e r a t e s  a f l u c t u a t i n g  v e l o c i t y  f i e l d  a s  w e l l  as Reynold's 
stresses. This  can  be  seen  by s u b s t i t u t i n g  c o n d i t i o n  (7) i n t o  V I  = Av'* 
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Z-aXiS 
F i g u r e  10: A F l u i d  Element i n  a P ipe  wi th  Swir l ing  F low 
( in  Equa t ion  61) and in  Equa t ion  77. If w e  consider   an  e lement  of f l u i d  
shown i n  F i g u r e  10, i t  i s  o b v i o u s  t h a t  t h i s  phenomenon i s  r e s p o n s i b l e  f o r  
t he  p roduc t ion  of a s h e a r i n g  stress on a p l a n e  p e r p e n d i c u l a r  t o  t h e  z - a x i s  
and i n  t h e  8 d i r e c t i o n  ( p l a n e  ABCD). The r a d i a l  g r a d i e n t s  of angular  momen- 
tum, i . e .  r o t a t i o n ,  and  angu la r  ve loc i ty  tha t  i s  p r o p o r t i o n a l  t o  t h e  s h e a r  
v e l o c i t y  g e n e r a t e  s h e a r i n g  stresses i n  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  r - a x i s  
and i n  t h e  Q d i r e c t i o n  ( p l a n e  CDEF). The la t ter  w a s d i s c u s s e d i n t h e  last section. 
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2. Eddy Di f   fu s iv i ty   Expres s ion  
Refe r r ing  aga in  to  F igu re  10, t h e  p l a n e  CDEF, i t  was shown t h a t  t h e  
shear ing  stress i s  
where 
( p a r t i a l  n o t a t i o n  is  used  here  due  to  the  dependence  of t h e  t a n g e n t i a l  
v e l o c i t y  on 1: and 2 . )  
I n  t h e  p l a n e  ABCD, t he  shea r ing  stress i s  
where 
A r e s u l t a n t  e d d y  v i s c o s i t y  e x p r e s s i o n  f o r  t h e  p r e s e n t  c a s e ,  w i l l  be  
o b t a i n e d  b y  s i m u l t a n e o u s l y  s a t i s f y i n g  t h e  s i m i l a r i t y  c o n d i t i o n s  2 and 4 i n  
Equation 85 
Equat ing c .ondi t ions 2 and 4, w e  have 
- hV a2 = -(=&= IC2 av P f) 
K4 
69 
The eddy v i s c o s i t y  e x p r e s s i o n  in Equation 86 now becomes 
If w e  t a k e  t h e  r e s u l t a n t  eddy v i s c o s i t y  t o  b e  t h e  v e c t o r  sum o f  t h e  
two components, we o b t a i n :  
= (Constant)  L 2 
S u b s t i t u t i n g  t h e  f i r s t  s i m i l a r i t y  c o n d i t i o n  i n t o  E q u a t i o n  85, the above 
equation becomes 
e = K r  2 2  m (2 - :] 
( 97 -a) 
where 
K = Constan t .  
Obviously, we c a n  a l s o  e x p r e s s  t h e  r e s u l t a n t  e d d y  v i s c o s i t y  i n  terms 
of t h e  mean r o t a t i o n  o r  t h e  axial  g r a d i e n t  o f  t h e  mean t a n g e n t i a l  v e l o c i t y .  
However, the above form has  been  used  by  pas t  inves t iga tors  and  they  have  
eva lua ted  the  cons t an t  K based  on  expe r imen ta l  da t a  fo r  ro t a t ing  o r  vo r t ex  
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flow.  Kinney (31) f o r  example,  found it  t o  b e  a p p r o x i m a t e l y  e q u a l  t o  0.028 
us ing  G .  I. Taylor ' s  exper iment  of  ro ta t ing  f low be tween concent r ic  cy l inders .  
R a g ~ d a l e ' ~ )  a l s o  e v a l u a t e d  K from h i s  vo r t ex  f low expe r imen t s .  
I n  t h e  p r e s e n t  i n v e s t i g a t i o n ,  t h e  K i n  Equa t ion  88 wan taken a8 (Kinney'r 2 
Constant)2 times fl (accord ing   to   Equat ion  87-a), y i e l d i n g  K - 0.0333. The 
p r e d i c t e d  v a l u e s  f o r  mean t a n g e n t i a l  v e l o c i t y  a t  d i f f e r e n t  downstream p o r l t i o n r  
were i n  good agreement with experimental  data as w i l l  be  rhom in  Chap te r  IX. 
The length scale n e a r  t h e  wall i s  assumed t o  b e  p r o p o r t i o n a l  t o  t h e  
dis tance from i t  i n  a n a l o g y  w i t h  t h e  f i f s t  s i m i l a r i t y  c o n d i t i o n  i n  E q u a t i o n  
85. This  aasumpt ion  has  been  exper imenta l ly  ver i f ied  to  be  cor rec t  for  tu r -  
b u l e n t  p a r a l l e l  p i p e  f l o w  up t o  a wall dis tance of  approximately 0.10 r a d i u s  
( see   Sch l i ch t ing ,  "Boundary  Layer  Theory",  p.  510).  Hence,  with t h i s  assump- 
t i on ,  t he  eddy  v i scos i ty  expres s ion  in  the  ne ighborhood  of t h e  wal l  was taken 
as : 
e = K ( l  - r )  2 2 m 
I n  summary, t h e  eddy viscos i t y  e x p r e s s i o n s  f o r  t 
in  d imens ionless  form are  as fol lows:  
0.9 < r 5 1.0 
.he  swi r l ing  f low f i e ld  
7 1  
Equation 90 was obtained using the same reference quantities as 
well as  the same procedure in effecting the transformation of the swirl 
equation  into  dimensionless form. (See Chapter V I ) .  The Reynolds 
Number i s  defined as: 
Wm r 
W 
NRe = V 
with v evaluated  at (85%, 14.7 ps ia) .  
7 2' 
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VIII.SOLUTION OF THE SWIRL  EQUATION 
A. THE DIETEREXTIAL EQUATION 
When  the  eddy  viscosity  expressions in Equation 90 are  substituted 
into  the  swirl  equation  (Equation 49) we obtain: 
where = r for 0 5 r 5 0.9 
= (1 - r) for 0.9 < r = 1.0 2 < 
and the  kinematic eddy viscosity is assumed to be always  positive, 
The boundary  conditions are: 
(a) V ( 1 , z )  = 0 
(b) V(r,O) = f(r) 
( c )  V(0,z)  = 0 
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The swirl equat ion (Equat ion 91) w i l l  b e  e x p r e s s e d  i n  terms of  the  
angular  momentum o f  t h e  f l u i d  f o r  c o n v e n i e n c e .  
L e t t i n g  
B = r V ,  where p = B(r,z) 
and s u b s t i t u t i n g  i n t o  E q u a t i o n  91 and s implifying,  we o b t a i n  
The corresponding boundary c o n d i t i o n s  are: 
Equat ion 93 i s  a h igh ly  non- l inea r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  
t he  pa rabo l i c  t ype ,  fo r  wh ich  a c losed  fo rm so lu t ion  w i l l  not  be at tempted 
h e r e .  I n s t e a d ,  t h i s  e q u a t i o n  w i l l  be  so lved  numer ica l ly  on a high  speed 
d ig i ta l   computer .   The   requi red   boundary   condi t ions   (Equat ion  94) s p e c i f y  
t h a t  t h e  a n g u l a r  momentum is  ze ro  on t h e  a x i s  and  on t h e  s t a t i o n a r y  p i p e ,  
and t h a t  t h e  r a d i a l  d i s t r i b u t i o n  o f  t a n g e n t i a l  v e l o c i t y  b e  p r e s c r i b e d  a t  
some u p s t r e a m   a x i a l   l o c a t i o n .   I n   a d d i t i o n ,   t h e  axial  v e l o c i t y   t h a t   a p p e a r s  
as a parameter  in  Equat ion  93 must  be specif ied,  and this  i s  t aken  to  be  a 
func t ion  o f  r ad ius  on ly .  
B. NUMERICAL SOLUTION OF THE ANGULAR MOMENTUM EQUATION 
The angular momentum equa t ion  can  be  wr i t t en  as: 
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where 
B = -D 
Equation 95 w i l l  now be  rep laced  by a sys t em o f  f in i t e  d i f f e rence  
equat ions.  The second order  der tvat ive w i l l  be  replaced by t h r e e  p o i n t  
c e n t r a l  d i f f e r e n c e s  and f o r  t h e  f i r s t  o r d e r  d e r i v a t i v e s ,  f o r w a r d  d i f -  
f e rences  w i l l  be used.  Figure 11 shows t h e  g r i d  n o t a t i o n  f o r  t h e  
numer ic a 1 scheme. 
'i 
Figure  11: Grid Notation and Boundary Conditions 
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a 
Let  = f3( jAr, nhz) 
a n d  r e p l a c i n g  t h e  d e r i v a t i v e  by t h e i r  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s :  
Equation 96 i s  a n  e x p l i c i t  p o s i t i v e  t y p e - d i f f e r e n c e  e q u a t i o n  i f  t h e  
f o l l o w i n g  i n e q u a l i t i e s  a r e  s a t i s f i e d :  
It can be shown t h a t  t h e  a b o v e  i n e q u a l i t i e s  a r e  a l w a y s  s a t i s f i e d  i n  t h e  
present  problem due  to  the  assumpt ion  tha t  the  k inemat ic  eddy v iscos i ty  i s  
a lways  pos i t ive  ( see  Equat ion  9 1 ) .  
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Barakat  (39) shows t h a t  f o r  s t a b i l i t y  o f  t h e  d i f f e r e n c e  e q u a t i o n  i t  
is s u f f i c i e n t  t h a t  t h e  f i r s t  i n e q u a l i t y  b e  s a t i s f i e d .  
The s t a b i l i t y  c r i t e r i o n  e v a l u a t e d  b y  t h e  u s e  o f  t h e  F o u r i e r  series 
method and von Neumann's c o n d i t i o n  o f  s t a b i l i t y  i s  d iscussed  in  Appendix  
111. It w i l l  b e  n o t e d  t h a t  t h e  c r i t e r i o n  is  i d e n t i c a l  t o  t h e  f i r s t  c o n -  
d i t i o n  i n  E q u a t i o n  97, i.e., 
A m a r c h i n g  t y p e  i t e r a t i o n  o f  t h e  e x p l i c i t  d i f f e r e n c e  e q u a t i o n  was 
c a r r i e d  o u t  w i t h  t h e  u s e  of  an IBM 360 d ig i t a l  compute r .  It was assumed 
t h a t  t h e  a n g u l a r  momentum equat ion  is  q u a s i - l i n e a r  and t h e  c o e f f i c i e n t s  o f  
t h e  p a r t i a l  d e r i v a t i v e s  i n  t h e  e q u a t i o n  were evaluated from the known  mean 
f low  cond i t ions  a t  the   p rev ious   z - s t ep .  Twenty subdivisions  were  employed 
i n  t h e  r a d i a l  d i r e c t i o n ,  and a s  many a s  500 s t e p s  w e r e  c a l c u l a t e d  i n  t h e  
z - d i r e c t i o n .  A typica.1  run  took  approximately 15 minutes  (011 a 360-40) .  
I n  o r d e r  t o  v e r i f y  t h e  t h e o r e t i c a l  a n a l y s i s ,  t h e  p r e d i c t e d  d e c a y  of 
t u r b u l e n t  s w i r l i n g  f l o w  i n  p i p e s  was  compared wi th  exper imenta l  resu l t s  
obta ined  a t  I I T R I  and with those obtained by Musolf .  
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M. RESULTS AND DISCUSSIONS 
A .  COMPARISON WITH I I T R I '  S EXPERDENT 
The  exper imenta l  se t -up  tha t  produced  swir l ing  f low i .s  shown i n  F i g u r e  12. 
It makes use  o f  a sphere which is  connec ted  to  a vacuum pump. The  pressure  i r .  
t h e  s p h e r e  was i n i t i a l l y  r e d u c e d  t o  1 . 5  p s i a .  Ambient a i r  entered  through a 
r a d i a l  i n l e t  s e c t i o n  30" i n  d i a m e t e r  t h a t  h o u s e s  a cascade  of  ad jus tab le  b lades .  
The s w i r l i n g  a i r  e n t e r s  a 3" d iame te r  Luc i t e  t ube  tha t  i s  70 diameters  long.  
The r a d i a l  d i s t r i b u t i o n  o f  b o t h  ax ia l  and t a n g e n t i a l  v e l o c i t i e s  were measured a t  
4 s t a t i o n s  downstream  located a t  4 ,  36, 72 and  136 r a d i i  from the  poin t  of  swirl 
genera t   ion .  
Since a i r  was used as the  expe r imen ta l  f l u id ,  one  may q u e s t i o n  t h e  v a l i d i t y  
of t h e  p r e v i o u s  t h e o r e t i c a l  a n a l y s i s  t h a t  i s  based on the assumption of an in- 
compressible   f luid.   Lavan  and  Fejer(28)   pointed  out   that   for   the  laminar   case 
a meaningful  comparison between the incompressible  solut ion and the experimental  
r e su l t s  fo r  compress ib l e  swi r l ing  f lows  hav ing  h igh  swirl r a t i o s  is  p o s s i b l e .  
Thei r  a rguments  can  be  ex tended  to  turbulen t  f low,  
It i s  u s u a l l y  assumed t h a t  f o r  a tu rbu len t  f l ow,  the  mean flow as wel l  as 
t h e  f l u c t u a t i n g  f l o w  f i e l d s  s a t i s f y  t h e  c o n t i n u i t y  e q u a t i o n ,  The c o n t i n u i t y  
r e l a t i o n  f o r  t h e  mean f l o w  n e g l e c t i n g  d e n s i t y  a n d  v e l o c i t y  c o r r e l a t i o n  is: 
For  f low wi th  la rge  s w i r l  t h e  d e n s i t y  g r a d i e n t  is  a l m o s t  i n  t h e  r a d i a l  
d i r e c t i o n  and t h e  r a d i a l  v e l o c i t y  component can be neglected in comparison 
w i t h   t h e   t a n g e n t i a l   a n d  ax ia l  v e l o c i t y .   T h e r e f o r e ,  
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Hence , 
and  the  con t inu i ty  equa t ion  fo r  t hemean  f low reduces  to :  
Fu r the rmore ,  a s suming  tha t  t he  dens i ty  f luc tua t ions  are n e g l i g i b l e  compared 
t o  t h e  mean f l o w  d e n s i t y ,  t h e n  t h e  t a n g e n t i a l  component  of t he  equa t ion  o f  
mot ion  for  compress ib le  f lu id  i s  i d e n t i c a l  t o  E q u a t i o n  8. 
1. The I n i t i a l   T a n g e n t i a l   V e l o c i t y   P r o f i l e  
The f i r s t  u p s t r e a m  s t a t i o n  a t  which measurement of distributions of 
t h e  t a n g e n t i a l  v e l o c i t y  were taken was s i t u a t e d  a t  a n  ax ia l  d i s t a n c e  of 
4 r a d i i  downstream from the point of swirl g e n e r a t i o n .  T h i s  d a t a  was 
smoothed out  and  used  as  input  to  the  program.  
F i g u r e s  13, 14, 23 and 24 show t h e  i n i t i a l  c o n d i t i o n s  a t  Reynold's 
Numbers of 220,000,  58,900,  147,000 and 279,000 r e s p e c t i v e l y .  
2 .  The  Average Axial  V e l o c i t y   P r o f i l e  
The ax ia l  veloci ty  measurements  a t  d i f f e r e n t  r a d i a l  and downstream 
p o s i t i o n s  are shown i n  F i g u r e s  15,16, 17 and 18 f o r  t h e  same four flow con- 
d i t i o n s .  The   ave rage   p ro f i l e  W(r) was eva lua ted  by  averaging  the  measured 
v a l u e s  a t  e a c h  r a d i a l  s t a t i o n .  The r e s u l t i n g  a v e r a g e  r a d i a l  d i s t r i b u t i o n  
r 
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FIGURE 13. MEASURED TANGENTIAL VELOCITY PROFILE. 
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o f  t h e  mean axial  v e l o c i t y  is  a l s o  shown i n  F i g u r e s  15 t o  18. It should 
b e  n o t e d  t h a t  a n  i n i t i a l  b a c k f l o w  o c c u r s  n e a r  t h e  c e n t e r  o f  t h e  p i p e ,  f o r  
t h e .   f i r s t  two cases. 
3 .  Discuss ion  of R e s u l t s  
A f t e r  t h e  i n i t i a l  c o n d i t i o n  a n d  t h e  a v e r a g e  axial  v e l o c i t y  p r o f i l e  
were e s t a b l i s h e d ,  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  a n g u l a r  momentum equa t ion  
was obtained.  
The r e s u l t s  are shown i n  F i g u r e s  1 9  t o  26.  The d a t a  shown were obta ined  
a t  Reynold's Numbers of  220,000, 58,900, 147,000  and  279,000.  Figures 
19 and 20 show a comparison between the predicted and measured values of 
t h e  r a d i a l  d i s t r i b u t i o n  of  angular  momentum a t  d i f f e r e n t  downstream p o s i t i o n s .  
An examinat ion  of  the  measured  da ta  ind ica tes  tha t  as  the  f low proceeds down- 
stream, t h e  r e g i o n  t h a t  e x h i b i t s  a n  i r r o t a t i o n a l  b e h a v i o r  w i d e n s  a n d  p r o g r e s s s e s  
towards  the  cen te r  o f  t he  p ipe .  A s  a r e s u l t ,  t h e  p o i n t  of maximum t a n g e n t i a l  
v e l o c i t y  s h i f t s  r a d i a l l y  i n w a r d  as can  be  seen  in  F igures  21 t o  24 t h a t  show 
a comparison between the computed and experimental values of t h e  t a n g e n t i a l  
v e l o c i t y  a t  d i f f e r e n t  r a d i a l  and axial  p o s i t i o n s  o f  t h e  f l o w  f i e l d .  
An i n s p e c t i o n  o f  F i g u r e s  1 9  t o  24  show a reasonably good agreement 
between  theory  and  experiment .   Figures   19  and  20,   which  represent  a case 
where the Reynold 's  Number as w e l l  as t h e  swirl r a t i o  is high ,  show an  
excel lent  agreement  between theory and experiment  in  the outer  region a l l  
t h e  way t o  t h e  last s ta t ion  downst ream (z = 136 R ) .  I n  t h e  r e g i o n  n e a r  
t h e  c e n t e r  t h e r e  i s  a discrepancy which i s  due t o  a number of  reasons.  
F i r s t l y ,  i n  t h i s  r e g i o n  t h e r e  is  a n  i n i t i a l  b a c k f l o w  as s e e n  i n  t h e  axial  
veloci ty  measurements  a t  z = 4R ( F i g u r e f i ) ,  w h i l e  t h e  a v e r a g e  r a d i a l  
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FIGURE 19. COMPARISON OF MEASURED AND PREDICTED RADIAL 
DISTRIBUTIONS OF ANGULAR MOMENTUM. 
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FIGURE 21. COMPARISON OF MEASURED AND PREDICTED RADIAL 
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FIGURE 25. PREDICTED RADIAL DISTRIBUTION OF EDDY VISCOSITY. 
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FIGURE 26. PREDICTED AXIAL DISTRIBUTION OF EDDY VISCOSITY. 
d i s t r i b u t i o n  of ax ia l  v e l o c i t y  u s e d  i n  t h e  a n a l y s i s  was a l w a y s  p o s i t i v e  f o r  
t h i s  case. 
An inspec t ion  of t h e  swirl equa t ion ,  
I 1  
i n d i c a t e s   t h a t   i f  W i s  negat ive ,   be ing   a lways   nega t ive  , t h e   f i r s t  
t e r m  on t h e  r i g h t  hand s i d e  w i l l  r e p r e s e n t  p r o d u c t i o n  r a t h e r  t h a n  d i s s i p a t i o n .  
The  no ted  d i sc repancy  fo r  t h i s  r eg ion  is  t h e r e f o r e  e a s i l y  e x p l a i n e d  i f  w e  
ar 
r e c a l l  t h a t  i n  t h e  a n a l y s i s  U was neglected and W was a lways  p o s i t i v e .  
Secondly,  an examination of Figure 15 r e v e a l s  t h a t  i n  t h e  c e n t r a l  r e g i o n ,  
t he  ax ia l  ve loc i ty  changes  marked ly  as the f low progresses  downstream. 
Hence,  even i f  W is  a lways   pos i t i ve ,  i s  large and i t  may n o t   b e   j u s t i -  aZ 
f i e d   t o   n e g l e c t  u he re .  It is  conce ivable   tha t   he   convec t ive   t e rm “ 4  W 
may b e   l a r g e r   t h a n   t h e   d i f f u s i v e  term. Las t ly ,   t he   d i sc repancy  may a l s o  
b e  i n  p a r t  due t o  t h e  f a c t  t h a t  t h e  e x p e r i m e n t a l  p r o b i n g  o f  r o t a t i n g  f l o w s  
near  the  axis i s  ex t r eme ly  d i f f i cu l t  and  the  da t a  canno t  be  cons ide red  ac -  
curate.  
Both F igu res  20  and 22  t h a t  d e p i c t  f l o w  a t  low Reynold‘s Numbers wi th  
high swirl r a t i o ,  as wel l  as i n  F i g u r e s  23  and  24 tha t  r ep resen t  h igh  Rey- 
n o l d ’ s  Numbers w i t h  low swirl r a t i o ,  show good agreement between theory and 
experiment up t o  an a x i a l  d i s t a n c e  of about 72R.  Further  downstream  the 
ac tua l  decay  i s  f a s t e r  t h a n  p r e d i c t e d .  An examinat ion  of   the  measured  radial  
d i s t r i b u t i o n  o f  t h e  a n g u l a r  momentum f o r  z 2 72R, r e v e a l s  t h a t  a l a r g e  p a r t  
o f  t h e  r a d i a l  f l o w  f i e l d  h a s  a n  i r r o t a t i o n a l  b e h a v i o r .  I t  has  been pointed 
ou t  p rev ious ly  tha t  fo r  t h i s  t ype  o f  f low some o f  t h e  s i m i l a r i t y  c o n d i t i o n s  
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are e i t h e r  i n f i n i t e  o r  i n d e t e r m i n a t e .  As a r e s u l t ,  t h e  eddy v i s c o s i t y  model 
that  was used i s  n o t  s t r i c t l y  a p p l i c a b l e  h e r e .  
Figures 25 and 26 show t h e  r a d i a l  d i s t r i b u t i o n  o f  t h e  p r e d i c t e d  e d d y  
v i s c o s i t y  a t  d i f f e r e n t  downstream posit ion,  and i t s  axial  v a r i a t i o n  a t  
r = 0.85, 0.70 and 0.50 f o r  a Reynold's Number of 220,000. An i n s p e c t i o n  
of  Figure 25 reveals t h a t  t h e  eddy v i s c o s i t y  i n c r e a s e s  w i t h  r a d i u s  up t o  
t h e  v i c i n i t y  o f  t h e  wall ,  and  then  decreases  rap id ly .  In  the  axial  d i r e c -  
t i o n  i t  i n i t i a l l y  i n c r e a s e s  and  then  decreases   fur ther   downstream.  These 
v a r i a t i o n s  d e c r e a s e  w i t h  r a d i u s  so t h a t  t h e  eddy v i s c o s i t y  t e n d s  t o  a t t a i n  
a c o n s t a n t  v a l u e  f o r  a l l  downstream p o s i t i o n s  i n  t h e  i n n e r  r e g i o n ,  
The theory .was a l s o  a p p l i e d  t o  a swi r l ing  f low f i e ld  gene ra t ed  by  
t w i s t e d  t a p e  i n d u c e r s  i n s e r t e d  i n  t h e  i n l e t  s e c t i o n  o f  t h e  p i p e .  T h i s  i s  
d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  
B. COMPARISON  OF  THEORETICAL  RESULTS WITH MUSOLF'S  MEASUREMENTS 
The theory was a l s o  a p p l i e d  t o  a n a l y z e  t h e  d e c a y  o f  t h e  t a n g e n t i a l  
v e l o c i t y  a s  w e l l  as the  angu la r  momentum p r o f i l e s  f o r  a tape-induced, 
f u l l y  d e v e l o p e d  t u r b u l e n t  s w i r l i n g  f l o w  f i e l d  i n  a p ipe .   The   pred ic ted  
va lues  are compared with measurements made by Musolf (33) i n  1963 i n  a 
2-inch I .D.  tube.  This problem was also cons idered  by Kre i th  and Sonju (21) 
in 1965. They used an empirically determined constant value of eddy vis- 
c o s i t y  f o r  t h e  swirl equa t ion  and  ob ta ined  an  ana ly t i ca l  so lu t ion  in  terms 
of  Bessel-Fourier series f o r  t h e  r e s u l t i n g  l i n e a r  e q u a t i o n .  T h e  r e s u l t i n g  
v e l o c i t y  p r o f i l e s  a g r e e  q u a l i t a t i v e l y  w i t h  e x p e r i m e n E a 1  d a t a  a t  d i s t a n c e 8  
less than  20 diameters downstream. 
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1. I n i t i a l  C o n d i t i o n s  a n d  t h e  Mean Ax- i a l -Ve loc i ty   D i s t r ibu t ion  - " 
Figure  27 ( a f t e r  S m i t h b e r g  a n d  L a n d i ~ ' ~ ~ ) )  d e p i c t s  t h e  a v e r a g e  swirl 
v e l o c i t y  p r o f i l e  a t  the  po in t  o f  gene ra t ion  where  a t w i s t e d  t a p e  i n s e r t  
having a p i t c h  o f  10 p ipe  d i ame te r s  was used. Kreith and sonju(21) approx- 
i m a t e d  t h e  g i v e n  p r o f i l e  b y  t h e  e x p r e s s i o n  
V(r,O) = f ( r )  = [ 6 , 3 r  - 0.013  (1 .1  - r) -2.68 H 3 
where H = p i t c h   o f   t h e   i n d u c e r   t a p e .  
Smithberg and Landis  a lso reported a mean ax ia l  v e l o c i t y  d i s t r i b u t i o n  
a t  t h e  same p o i n t  i n  t h e  f l o w  f i e l d .  T h i s  p r o f i l e ,  shown i n  F i g u r e  28, was 
u s e d  i n  t h e  p r e s e n t  a n a l y s i s  i n  s o l v i n g  t h e  s w i r l  equa t ion ,  
2.  The Eddy V i s c o s i t y  Model  and R e s u l t s  
An i n s p e c t i o n  o f  t h e  i n i t i a l  swirl v e l o c i t y  d i s t r i b u t i o n  ( F i g u r e  27) 
i n d i c a t e s  a p redominan t ly  so l id  body  ro t a t ion  in  a l a r g e  p a r t  o f  t h e  f l o w  
f i e l d .  S i n c e  t h e  e d d y  v i s c o s i t y  model  which was de r ived  f rom s imi l a r i t y  
theory  does  not  apply  here ,  a d i f f e r e n t  e x p r e s s i o n  w i l l  be  used .  F igure  26 
shown t h a t  t h e  eddy v i s c o s i t y  is approximately a cons t an t  i n  the  inne r  
region where the mean f l o w  t e n d s  t o  b e  r o t a t i o n a l .  F o l l o w i n g  t h i s  t r e n d  
it  w i l l  be  assumed tha t  the  eddy v iscos i ty  i s  independent of r and z i n  
t h e  r e g i o n  o f  p r e d o m i n a n t l y  r o t a t i o n a l  mean f low.  This  reg ion  was a r b i -  
t r a r i l y  assumed t o  e x t e n d  up t o  t h e  r a d i u s  o f  maximum t a n g e n t i a l  v e l o c i t y .  
(25) 
Ragsdale   sugges ted   tha t   for   vor tex   f low,  e s h o u l d   b e   d i r e c t l y  m 
p r o p o r t i o n a l  t o  t h e  t a n g e n t i a l  R e y n o l d ' s  Number. Fo l lowing  h i s  sugges t ion  
w i t h  a s l i g h t  m o d i f i c a t i o n  s u c h  t h a t  t h e  axial Reynold's Number w i l l  be used 
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FIGURE 27. INITIAL SWIRL VELOCITY DISTRIBUTION FOR A TAPE INDUCED 
SWIRL (PITCH 910) AFTER  SMITHBERG  AND  LANDIS. 
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FIGURE 28. RADIAL  DISTRIBUTION OF AXIAL  VELOCITY AT Z -0  
AFTER SMITHBERG AND LANDIS.'23) 
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i n  t h e  p r e s e n t  case, t h e  e d d y  v i s c o s i t y  e x p r e s s i o n  i n  t h e  r e g i o n  m e n t i o n e d  
above  takes  the  fo l lowing  form: 
e m C NRe O l r , < r  max (99) 
where C = Constant .  
r = r a d i u s   w i t h  maximum t a n g e n t i a l   v e l o c i t y .  max 
An approximate  va lue  of  the  cons tan t  w a s  obtained by consider ing only 
t h e  r e g i o n  w i t h  r o t a t i o n a l  mean flow. Assuming that the mean ax ia l  v e l o c i t y  
is a cons tan t  ( see  F igure  28)  the  swirl equat ion  was solved by t h e  method 
o f  s epa ra t ion  of v a r i a b l e s  and  the  so lu t ion  was expres sed  in  a Four i e r -  
Bessel s e r i e s .  It was obse rved   t ha t   fo r   l a rge   va lues   o f  z ,  V(r , z )  i s  
p r a c t i c a l l y   d e t e r m i n e d   b y   t h e   f i r s t   t e r m   o f   t h e   s e r i e s .  Hence, s u b s t i t u t i n g  
Musolf's measurements which were taken a t  t h e  f a r t h e s t  downstream p o s i t i o n  
(lOOR), an  average  va lue  of  C w a s  found to be approximately 0.00246. 
A t  t h e  o u t e r  r e g i o n ,  t h a t  i s  a t  r a d i i  l a r g e r  t h a n  t h e  r a d i u s  o f  
maximum t a n g e n t i a l  v e l o c i t y ,  t h e  e x p r e s s i o n  f o r  t h e  eddy v i s c o s i t y  w a s  
t he  same as tha t  u sed  p rev ious ly  (Equa t ion  90 ) .  
Figure 29 shows a comparison between the calculated values  of t h e  
t a n g e n t i a l   v e l o c i t y  and the measurements obtained by Musolf (33) at  a 
Reynold's Number of 48,000. Figure  30 shows the  predicted  and  measured 
angular  momentum p r o f i l e s  f o r  t h e  same f low condi t ions .  An inspec t ion  of  
t h e s e  f i g u r e s  reveals q u a l i t a t i v e l y  good agreement between theory and 
exp er imen t . 
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X. CONCLUSIONS AND RECOMMENDATIONS 
1. T u r b u l e n t   s w i r l i n g   f l o w s   w i t h   c o n s t a n t   p h y s i c a l   p r o p e r t i e s  were 
inves t iga t ed   , ana ly t i ca l ly   u s ing   mix ing   l eng th   t heo r i e s .   The   t angen t i a l   equa -  
t i o n  of  motion (swir l  equat ion)  der ived by applying G .  I. Taylor ' s  modi f ied  
t r a n s p o r t  t h e o r y  a n d  t h e  c o n c e p t  o f  i s o t r o p i c  t r a n s p o r t  c o e f f i c i e n t s ,  i s  of 
t h e  same form as t h e  t a n g e n t i a l  component of Navier-Stokes equations for 
f l u i d s  w i t h  c o n s t a n t  v i s c o s i t y .  
2 .  Theodore  von  Karman's   imilar i ty   theory  for   the  turbulent   mechanism 
was e x t e n d e d  t o  r o t a t i n g  as w e l l  as s w i r l i n g  f l o w  i n  a cy l indr ica l  geometry .  
A t h r e e - d i m e n s i o n a l  f l u c t u a t i n g  v e l o c i t y  f i e l d  was cons idered  in  both  cases ,  
and s i m i l a r i t y   c o n d i t i o n s  were obta ined .  It a p p e a r s   t h a t   f o r   r o t a t i n g   f l o w s ,  
t h e  s h e a r i n g  stress (T ) i s  p ropor t iona l   t o   bo th   shea r   ve loc i ty   and  mean 
r o t a t i o n  o f  t h e  f l u i d .  A c c o r d i n g  t o  t h e  u s u a l  c o n c e p t  o f  a mixing  length,  
t h i s  i n d i c a t e s  t h a t  t h e  f l u c t u a t i n g  v e l o c i t y  f i e l d  i s  r e l a t e d  t o  t h e  r a d i a l  
t ranspor t  o f  angular  ve loc i ty  and  to  the  exchange  of angular  momentum be- 
tween   concent r ic   l ayers   o f   f lu id .  It c a n  a l s o  b e  shown from t h e  s i m i l a r i t y  
c o n d i t i o n s  t h a t  t h e  s h e a r  v e l o c i t y  a n d  mean r o t a t i o n  are r e l a t e d  t o  t h e  r a d i a l  
t r a n s p o r t  o f  v o r t i c i t y .  
r e  
3 .  Assuming t h a t   t h e   s i m i l a r i t y   c o n d i t i o n s  are s i m u l t a n e o u s l y   s a t i s f i e d  
i n  t h e  f l o w  f i e l d ,  more than  one  fo rm o f  s imi l a r  ve loc i ty  p ro f i l e s  were found 
to b e  p o s s i b l e  f o r  r o t a t i n g  f l o w s .  T h i s  i s  in   agreement   wi th   the   exper imenta l  
obse rva t ions  o f  G. I. Taylor  who found two v e r y  d i f f e r e n t  t u r b u l e n t  v e l o c i t y  
prof i les  depending on which of t h e  c o n c e n t r i c  c y l i n d e r s  was r o t a t e d .  
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T h e  s i m i l a r i t y  c o n d i t i o n s  i n d i c a t e  t h a t  d i f f e r e n t  f o r m s  o f  similar 
v e l o c i t y  p r o f i l e s  may exist  a t  d i f f e r e n t  r e g i o n s  of t h e  f l o w  f i e l d  a t  t h e  
same time. T h i s  is i n  a c c o r d  w i t h  t h e  w e l l  known s t r u c t u r e  o f  r o t a t i n g  f l o w s ;  
there is a g r a d u a l  c h a n g e  o f  f l o w  c h a r a c t e r i s t i c s  i n  t h e  r a d i a l  d i r e c t i o n ,  
s t a r t i n g  w i t h  p r e d o m i n a n t l y  s o l i d  body r o t a t i o n  n e a r  t h e  c e n t e r  t o  V = Constan t .  
( r -m) ,  i n  the  ou te r  r eg ion  (m varying from 0.50 t o  1 . 0 ) .  
4 .  For  a fu l ly   deve loped   t u rbu len t   swi r l ing   f l ow  in   p ipes ,   von   Karman ' s  
s i m i l a r i t y  t h e o r y  g i v e s  s i m i l a r i t y  c o n d i t i o n s  i d e n t i c a l  t o  t h o s e  f o r  r o t a t i n g  
f lows ,  and  a l so  add i t iona l  cond i t ions  wh ich  r evea l  t ha t  t he  f luc tua t ing  ve l -  
o c i t y  f i e l d  ( h e n c e ,  t h e  t u r b u l e n t  stresses t o o ) ,  are a l s o  r e l a t e d  t o  t h e  t r a n s -  
por t   o f   angular  momentum i n  t h e  a x i a l  d i r e c t i o n .  T h i s  resul ts  i n  a tu rbu len t  
s h e a r  s t r e s s  d i s t r i b u t i o n  i n  a p lane  perpendicular  to  the  z -ax is  and  in  the  8 
d i r e c t i o n  (T ) i n  a d d i t i o n  t o  t h e  s h e a r  stress, which arises due t o  t h e  
r ad ia l  t r anspor t  o f  bo th  angu la r  ve loc i ty  and  angu la r  momentum. 
ze Tr 8' 
5.  The  presence  of  turbulent stresses T and T i n   s w i r l i n g  flow g ive  
r ise  t o  eddy v i s c o s i t i e s  a t  d i f f e r e n t  p l a n e s  o f  a f l u i d  e l e m e n t .  A r e s u l t a n t  
express ion  for  k inemat ic  eddy v iscos i ty  (assumed a lways  pos i t ive)  was formu- 
l a t ed  us ing  the  a s sumpt ion  tha t  t he  s imi l a r i t y  cond i t ions  a re  s imul t aneous ly  
s a t i s f i e d  i n  t h e  f l o w  f i e l d .  The expres s ion  is: 
re  z e  
The constant  K was found t o  b e  e q u a l  t o  0.0333. This  va lue  was deduced  from 
the one evaluated by R.  B .  Kinney  (1967) f o r  r o t a t i n g  f l o w  u s i n g  t h e  e x p e r i -  
men ta l  da t a  of G .  I. Taylor .  
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6. F o r  t h e  r e g i o n  n e a r  t h e  wall, 0.90 < r 5 1.0, the  mixing  length  
w a s  assumed p r o p o r t i o n a l  t o  t h e  wall  dis tance.  The assumed expression is 
a n a l o g o u s  t o  t h a t  made by L. P r a n d t l  i n  h i s  s t u d i e s  on p a r a l l e l  f l o w s  i n  
channe l s  and  the  r eg ion  o f  va l id i ty  is based  on  the  resu l t  o f  exper imenta l  
s t u d i e s  o f  p a r a l l e l  f l o w  i n  p i p e s .  The p r o p o r t i o n a l i t y  c o n s t a n t  was assumed 
t o  b e  e q u a l  t o  t h a t  u s e d  i n  t h e  i n t e r i o r .  T h u s ,  n e a r  t h e  wall, we have: 
e = K ( 1 - r )  2 2 av m (s - f) 0.90 < r - < 1.0 
7.  Some o f   t h e   s i m i l a r i t y   c o n d i t i o n s  become i n d e t e r m i n a t e   o r   i n f i n i t e  
i n  v a l u e  f o r  a p u r e l y  r o t a t i o n a l  ( s o l i d  body r o t a t i o n )  as w e l l  as f o r  i r r o -  
t a t i o n a l   f l o w s .   T h i s   i n v a l i d a t e s   t h e   a s s u m p t i o n   t h a t   t h e   s i m i l a r i t y   c o n -  
d i t i o n s  are s i m u l t a n e o u s l y  s a t i s f i e d  i n  t h e  f l o w  f i e l d .  As a r e s u l t ,  t h e  
eddy v i s c o s i t y  e x p r e s s i o n  is  n o t  s t r i c t l y  a p p l i c a b l e  f o r  t h e s e  c a s e s .  
8. The  derived s w i r l  and  eddy v i s c o s i t y   e x p r e s s i o n s  were used   t o  
s tudy the decay of angular  momentum of a t u r b u l e n t  s w i r l i n g  f l o w  f i e l d  
i n s i d e  a s t a t i o n a r y  p i p e .  Two sets of measurements  were  used  for  compari- 
son between  theory  and  experiment.   The  f irst   which was taken a t  I I T R I  (1967) 
considered s w i r l  generated by radial  blades with measurements  taken as f a r  
as 136R downstream.  The  second set was obtained  by  Musolf  (1963)  for swirls 
g e n e r a t e d  b y  t a p e  i n s e r t s  i n s i d e  t h e  p i p e ,  
I n  t h e  f i r s t  set, the agreement between theory and experiment was very 
good a l l  t h e  way up t o  z = 136R f o r  t h e  c a s e  when both  axial  Reynolds Number 
and swirl r a t i o  were h igh  (220,000 and 11.8 r e s p e c t i v e l y ) .  F o r  cases where 
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t h e  axial  Reynold$ Numbers are h i g h  b u t  t h e  swirl r a t i o s  are low o r  vice 
ve r sa ,  good agreements were obta ined  only  up t o  z = 72R. Further  downstream, 
the  ac tua l  decay  is f a s t e r  t h a n  p r e d i c t e d .  
An inspec t ion  o f  t he  measu red  da ta  r evea led  tha t  as the  f low p rogres ses  
downstream i n  t h e  la t ter  case, a small reg ion  near  the  w a l l  f i r s t  e x h i b i t s  a n  
i r r o t a t i o n a l  b e h a v i o r .  T h i s  r e g i o n  w i d e n s  f u r t h e r  d o w n s t r e a m  u n t i l  a l a r g e  
p a r t  o f  t h e  f l o w  f i e l d  h a s  c o n s t a n t  a n g u l a r  momentum f o r  which the  k inemat i c  
eddy v i s c o s i t y  mode l  u sed ,  does  no t  s t r i c t ly  app ly  as was p o i n t e d  o u t  i n  
item 7 .  
In  the  second  set of data,  the agreement betweetl  theory and experiment 
was a l s o  good. 
9 .  Due t o   t h e   t e n d e n c y   o f   t h e   o u t e r   r e g i o n   t o   e x h i b i t   i r r o t a t i o n a l  
motion as the  f low p rogres ses  downs t r eam,  the  r ad ia l  pos i t i on  o f  t he  po in t  
w i t h  maximum t a n g e n t i a l  v e l o c i t y  s h i f t s  t o w a r d s  t h e  c e n t e r .  T h i s  c h a r a c t e r -  
i s t i c  of t h e  f l o w  f i e l d  is  m a n i f e s t e d  a l s o  i n  t h e  t h e o r e t i c a l  r e s u l t s  u s i n g  
the der ived mathematical  model  of  eddy viscosi ty .  
An a t tempt  was made t o  f i n d  a n  eddy v i s c o s i t y  model t h a t  is independent 
of t h e  r a d i a l  and ax ia l  d i s t a n c e s ,  b u t  t h e  c a l c u l a t e d  resul ts  using such a 
model  did not  agree with the measured data .  The point  of  maximum t a n g e n t i a l  
v e l o c i t y  s h i f t s  away f rom the  cen te r ,  con t r a ry  to  expe r imep ta l  obse rva t ions .  
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'APPENDIX I 
DERIVATION OF THE EXPRESSION FOR THE FLUCTUATING VORTICITY VECTOR 
I N  A TURBULENT FIELD 
Figure A - 1  
Assumptions: 
I .  The components of the  mixing  length  vector  (see  Figure A-1) are 
very small. 
2. The space  derivatives of the L ' s  are  also  very small. 
3 .  A s  a resu l t  of assumptions 1 and 2, terms quadratic in the L's 
and their space derivatives can  be neglected. 
Let: 
= vorticity  of  the  fluid  element  at  point (a,b,c) 
at  time t . This  is also  the  mean  vorticity at 
0 
(a,b,c) * 
(I, qy< ) = the  mean  vorticity  components  at  some  point 
(x,y,z)  after  travelling  the  mixing  length L. 
([I, ? I y  < ') = fluctuating  vorticity  components  at  (x,y, z ) .
By  Taylor  series  and  neglecting  higher  order  terms: 
At  point  (x,y,z),  the  vorticity  of  the  fluid  element  is ( 
?+? I ,  (+ ('), Using  Cauchy's  equation of expressing  the  vorticity  at 
any  point  in  terms of its  vorticity  components  at  some  previous  time: ( 3 )  
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. .  - -. . -. 
The equation of c o n t i n u i t y  i n  l a g r a n g i a n  form is: 
From F igure  A-1,  t h e  f o l l o w i n g  r e l a t i o n s  are obvious: 
L1 - 
- x - a, L2 = y - b,  z - c  (1 - 4 )  L3 - - 
Thus: 
Expanding the  de t e rminan t  o f  t he  con t inu i ty  equa t ion  ( 1 - 3 ) ,  and 
s u b s t i t u t i n g  t h e  v a l u e s  o f  - , . . . . . . .., from Equation 1-5)  and  using 
assumptions 1, 2 and 3 ,  one  obtains:  
aa & 
ax, ay,  
- aLl aL2 aL3 
a x  + - a Y  aZ + - =  
o r  i n  v e c t o r  form: 
V * &  = 0 (1 -6 ' )  
T h i s  i s  t h e  c o n t i n u i t y  e q u a t i o n  i n  terms of  the mixing length vector ,  - L . 
W i t h  t h e  a i d  o f  t h e  c o n t i n u i t y  e q u a t i o n ,  t h e  d e r i v a t i v e s  of x,  y aL1d z 
w i t h  r e s p e c t  t o  a,  b o r  c ,  can  be  expressed  in  terms o f  t h e  d e r i v a t i v e s  of 
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Hence : 
Subs t i t u t ing  Equa t ion  1-5 i n t o  E q u a t i o n  1-7 we have: 
aL2 aL3 aL3 
= (1 - (1 - - ( -  ( -  @ 
= 1 - - " -  aL2 aL3 
aY aZ 
aLl 
ax But from Equation 1-6, t h e  las t  t w o  terms can  be  represented.  !'y -. Hence, 
S i m i l a r l y  
ax aLl 
ax aL1 z=aZ 
- = -  
a b  a Y  
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The derivatives of y and z with  respect  to  a, b or c  can  be  derived 
using  the  same  procedure as above.  Substitute  Equation 1-8  into 1-2 ,  and 
using.Equation 1-1 and  then  solving  for  the  fluctuating  vorticity  results 
in  the  following  relations: 
Similarly  for 77' and (" : (1-10) 
From  vector  analysis: 
V ' Q  = 0 
or 
(1-11) 
(I-111) 
aLl in  1-11'  and -ax in  Equation 1-6 and  substituting  these  into 
Equation I-loa, the  following  expression  for  the  vorticity  in  the  x-direction 
results  after  simplification: 
Similarly  for  the  vorticity  in  the y and z directions: 
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Vectorial ly ,  Equation 1-12 can be written as: 
- - 0' = v x (L x Q) (1-13) 
I 
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APPENDIX I1 
APPLICATION  OF THE MODIFIED  VORTICITY  TRANSPORT 
THEORY  TO THE ANALYSIS OF TURBULENT  FLOW 
With  the  use of Cauchy's  Equation (I-2), the  component of vorticity  at 
any  point  can  be  expressed  in  terms  of  its  vorticity  components  at  some 
previous  time . 
The modified  vorticity  transport  theory  asserts  that  a  lump  of  fluid 
leaving  a  certain  position  with  vorticity  components of he  mean  motion, 
and  upon  traversing  the  mixing  length,  the  vorticity  components  are re- 
tained  until  it  mixes  with  the  surrounding  fluid  in  the  new  position. 
Mathematically,  the  above  condition  implies  that: 
77+71'  = T i ) o  (11-1) 
Comparing  Equations 1-2 and 11-1, it  follows  that  the  following  relations 
hold  :. 
. . . - . . 
(11-2) 
From Equat ion 1-8, 
- = -  ax aLl 
a b  a Y  
Subs t i tu t ing  the  va lues  f rom Equat ion  11-2  in to  Equat ion  1-8 r e s u l t s  
i n  t h e  f o l l o w i n g  v a l u e s  of t h e  s p a c e  d e r i v a t i v e s  of t h e  components of the 
mixing length vector:  
T h i s  means t h a t   t h e  component L i s  a cons t an t .   S imi l a r ly ,  1 
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aL3 - aL3 aL3 z-ay=-= aZ 
From the above results i t  appears that the concept of the modified 
vorticity transport theory requires that the cornponefits of the mixing 
length vector are constants .  This  also means that,  
- L = Constant 
where L i s  the mixing length vector. - 
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(11-3) 
APPENDIX 111 
STABILITY  ANALYSIS  OF THE MPLICIT DIFFERENCE EQUATION 
The s o l u t i o n  o f  t h e  f i n i t e - d i f f e r e n c e  e q u a t i o n  r e p r e s e n t e d  by Equation 
96 c a n  b e  w r i t t e n  as a F o u r i e r  series, t h e  form of which is: 
(111-1) 
where : 
Y = a m p l i f i c a t i o n   f a c t o r  
i = d-3- 
n and j are  p o s i t i v e  i n t e g e r s  
Subs t i tu t ing   Equat ion   (111-1)   in to   Equat ion  96, w e  o b t a i n ,  a f t e r  some 
a lgebra ic  manipula t ions :  
o r  
Since 
e- +i(jAr) = cos (  jAr) + - i s in ( jAr )  
Equa t ion  111-2  fu r the r  r educes  to  
y = 1  - + (y + 9) cos( jAr)  + (Y - 8 )  i s in ( jAr )  
(111-2) 
(111-3) 
I 
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0 = -  D 
2 A= 
( Ar) 
The cond i t ion  of s t a b i l i t y  a c c o r d i n g  t o  von N e ~ m a n n ( ~ l ) i s  
I y I  s 
Taking the worst  case of Equation  111-3, i . e . ,  where 
cos( jAr)  = -1 
s i n ( j A r )  = 0 
we have 
y = 1 - ( 7 + y + 0 )  
(111-4) 
(111-5) 
To s a t i s f y  t h e  s t a b i l i t y  c o n d i t i o n  as  given by Equation 111-4, t h e  
fo l lowing  inequal i ty  must  be  t r u e  in  Equat ion 111-5:  
S ince  the  r igh t  i nequa l i ty  o f  Equa t ion  111-6  i s  a l w a y s  s a t i s f i e d ,  t h e  
s t a b i l i t y  c r i t e r i o n  w i l l  b e  o b t a i n e d  i f  we c o n s i d e r  t h e  l e f t  i n e q u a l i t y .  
Thus: 
( 7 + y + 8 )  5 2 
S u b s t i t u t i n g  t h e  v a l u e s  o f  7, y and 8 ,  t h e  s t a b i l i t y  c r i t e r i o n  becomes: 
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This ' i s  the same expression as that given in Equation 97 .  
(111-7) 
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